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Abstract
This paper focuses on the time-varying output formation (TVOF) tracking control of heterogeneous linear multi-agent
systems (HL-MASs) with both delays and switching topologies, where the followers’ outputs can move along the refer-
ence trajectory generated by the leaders and maintain the desired time-varying formation. First, a distributed observer
is proposed for each follower, aiming to estimate the convex combination of leaders’ state with both communication
delays and switching graphs. The observer’s error for heterogeneous MASs is analyzed based on Lyapunov theory and
linear matrix inequality (LMI) technique. Second, the observer is incorporated into the output formation tracking proto-
col. Then, an algorithm is put forward to calculate the control feedback gains and the formation tracking feasibility con-
straint is also provided. Furthermore, the convergence of the formation tracking error is proved. At last, the
effectiveness of this proposed method is validated through a numerical simulation.
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Introduction

In recent year, cooperative control of multi-agent sys-
tems (MASs) has attracted intensive attentions and can
be found in varies fields. For instance, satellite systems
in Refs.,1–3 aerial vehicles in Refs.4–6 and mobile robot
systems in Refs.7–10 As an active research area of
MASs, consensus control is the combination of graph
theory and control system, which allows a number of
agents to accomplish the same goal by using the infor-
mation exchange and sharing. As a pioneering work in
consensus, the authors in Olfati-Saber and Murray11

firstly proposed several neighbouring based protocols
for dynamic agents to achieve consensus. A necessary
criterion for second-order MASs to achieve consensus
was proposed in Ren and Atkins12 Because of the low
cost and high efficiency, consensus approaches based
on local neighbouring information has been a hot issue
in formation control (see, e.g. Refs.13–19).

As an important part of consensus control, forma-
tion control of MASs is a popular aera and has a wide
range of applications during the past decade due to the
good scalability and low computing consumption (see,
e.g. Wang et al.20 and Dong et al.21). A unique

formation protocol was proposed based on consensus
approach for second order MASs in Ren and Beard.22

Based on his creative work, linear and non-linear
MASs on formation controls have been studied in
Refs.23–27 It should be pointed out that the above lit-
eratures simply studied the problem of formation main-
tenance, which indicates that the environment in the
aforementioned investigations is not change. However,
in some practical applications, the communication
delays and switching topologies emerge because of the
existence of channel congestion and communication
range constraints. The authors in Dong et al.21 pre-
sented a distributed formation protocol for general-
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linear MASs under the influence of time delay, and a
necessary and sufficient condition for the formation
was also put forward, which means not all formatione
were allowed to realize. Utilizing the information of the
neighbours, an approach was demonstrated for MASs
under the circumstances of both communication delays
and switching networks in Xiao et al.28

It should be realized that the above investigations
only focus on achieving the desired formation, some
special tasks may not only allow agents to form the
desired formation but also the whole formation is dri-
ven to track the trajectory generated by the multiple
leaders. In formation tracking problem, agents are
divided into leaders and followers. They play different
role in achieving the target which the followers can
form the expected formation and the leaders are
allowed to generate the tracking trajectory. By using
the properties of the Laplacian matrix between the
leaders and followers, the time-varying formation
tracking problem for multiple leaders was investigated
in Dong and Hu.29 However, as a practical matter, the
interaction between the agents cannot be constant,
switching interaction topologies can influence the indi-
vidual’ performance and caused the instability of the
system. Therefore, it is important to consider the
switching networks in formation tracking control. The
switching directed interaction topologies were taken
into consideration in Dong et al.,30 which aiming to
solve formation tracking for a team of unmanned aerial
vehicles. Due to the fact that the communication band-
width is limited, time delays emerge. The work in Li
et al.31 studied the formation-tracking problem under
the influence of communication delays.

According to the mentioned works on formation
tracking, only homogeneous systems are considered,
where the state equations of the followers are identical.
Because the orders of agents are usually different in
reality, heterogeneous system with high and low agents
can make full use of the potential of each individual.
As a result of the close relationship between the leaders
and the followers, heterogeneous formation-tracking
control has been applied in many engineering aeries,
such as air-ground coordinated attack and coordinated
penetration. In this task, the unmanned aerial vehicles
(UAVs) which have a wide field of visions can play a
role as searching, and due to the high flexibility and
low consumption, unmanned ground vehicles systems
(UGVs) can be used to rescue missions. However, the
heterogeneous MASs cannot use the Kronecker prod-
uct to realize a compact form, which means the above-
mention results on homogeneous MASs in
Refs.29,30,32,33 cannot directly used. Therefore, coopera-
tive output regulation problems have been paid much
more attention in Refs.34–39 Based on cooperative out-
put regulation strategy, the work in Su and Huang40

proposed a formation-tracking protocol for linear
MASs by using a distributed observer. For heteroge-
nous MASs with one virtual leader, a formation-
containment problem was considered in Wang et al.41

The attention should be paid here that formation-
tracking task is not only allowing the follower agents
to form the desire formation, but also requiring to
track the leaders’ trajectory. For instance, considering
the coordinated combat between unmanned and
manned aerial vehicles, the unmanned aerial vehicles
can form a specified formation to guarantee the safety
of the manned aerial vehicles. In order to deal with the
heterogeneous MASs with switching interaction topol-
ogies, an ideal formation tracking protocol was pro-
posed in Hua et al.42 To incorporate continuous
repulsive vector into agents’ velocity, heterogeneous
MASs with time-varying communication delay to real-
ize formation-tracking was investigated in Guo et al.43

As can be seen from the literatures mentioned above,
designing a formation-tracking protocol for the hetero-
genous MASs with both communication delays and
switching interaction topologies is challenging and still
open.

Inspired by the above facts, the purpose of this
paper is to investigate the TVOF tracking problem for
heterogeneous systems, which means that individuals in
the system can have different system matrices or differ-
ent order states. Unlike formation control, the TOVF
tracking not only requires the outputs of followers to
accomplish the expected formation but also needs to
track the output trajectory generated by multiple lead-
ers. In order to solve TVOF-tracking problem with
both communication delays and switching topologies, a
two-layer control framework is constructed (see
Figure 1 for an illustration). The state observer system
can estimate the convex combination of the leaders’
state under both varying time-delay and switching net-
works, and the control protocols are put forward based
on the state observer.

Compared with the prior results, the prominent con-
tributions of this article are as following.

(i) The TVOF tracking for heterogeneous MASs is
considered in this paper, which means that the
system matrices and the dimensions of the state
can be different for each agent. Hence, the meth-
ods in Refs.14,30,34–38 which can be used directly
in homogeneous systems can no longer be applied.
Moreover, by using the regulator equations to
solve the difference of the dimension, the pro-
posed method is much more practical.

(ii) It should be pointed out that both switching
networks and varying time-delays are taken into
consideration. Compared with the systems con-
sidering just only switching topologies (see, e.g.
Hua et al.42), the time-delayed coefficient is incor-
porated into the Lyapunov function to prove the
convergence of the delay switched system. In con-
trast to the delayed system with fixed topology
(see, e.g. Guo et al.43), by using the useful
lemmas and assumptions, the proposed method is
satisfied with switching topologies. Therefore, this
approach in this paper can be applied in a more
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complex environment such as the link failure and
congestion.

(iii) Compared with the needs of the whole state in
Dong et al.,30 the provided method only relies on
the output relative information of the MASs.

The structure of the rest paper is given as followings.
Some notations and results on graph theory are induced
in Basic theory and problem description. Main results
provides the important derivations and proofs for het-
erogeneous MASs to achieve the TVOF tracking.
Numerical simulation proves the effectiveness by
numerical examples. Finally, the whole work is con-
cluded in Conclusion section.

Throughout this paper, In 2 R
n3n be an identify matrix.

� denotes Kronecker product of two matrices. Let
1M = 1, 1, � � � , 1½ �T 2 R

M31 represent a columen vector.

Basic theory and problem description

A weight undirected graph with M+N nodes can be
represented by V, T ,Wf g, where V= v1, v2, � � �f
vN+Mg denotes the nodes set, T � vi, vj

� �
:

�
vi, vj 2 V

�
is the set of edges. An edge is defined as eij= vi, vj

� �
.

Let W= ½wij� 2 R
N+Mð Þ3 N+Mð Þ represent the adja-

cency matrix of graph G, where wij . 0 if and only

if eji 2 T and wij =0 otherwise. Let D=diag

f
PN+M

j=1 w1j,
PN+M

j=1 w2j, � � � ,
PN+M

j=1 w N+Mð Þjg denote

the in-degree matrix of G, then the Laplacian matrix is

defined as L=D�W. Let N i= vj 2V : vj,vi
� �

2T
� �

represent the set of neighbours of node vi. The path
form node vi1 to vik is defined as vi1,vi2ð Þ,
vi2,vi3ð Þ, � � � , vik�1,vikð Þ. The definition of an undirected
graph is that for any distinct node wij=wji. Moreover,

if there is a path between any two nodes, the undirected
graph is defined as connected. The agents are classified
into two categories, leader and follower. In this paper,
there exist N followers and M leaders. Assume that

one follower has at least one neighbour and the
leader has no neighbour. Let OF= 1,2, � � � ,Nf g and
OE= 1,2, � � � ,Mf g be the follower set and leader set,
respectively.

It is assumed that the topologies of the MASs are
switching. Suppose that there is an infinite sequence of
non-overlapping time intervals tn, tn+1Þ½ n 2 Nð Þ with
0\Td � tn � tn+1. The interaction topology of G
changes at the time tn and maintains the communica-
tion channel in the dwell time Td. The switching signal
is defined as s(t) : 0,‘Þ ! 1, 2, � � � , hf g½ . Let Gs(t) and
Ls(t) represent, respectively, the graph and correspond-
ing Laplacian matrix. Then, The neighbours of the fol-
lower and leader with node i are denoted to N i

Fs tð Þ and
N i

Es tð Þ. F0 and F1 are the real symmetrical matrices
that are not related to the eigenvalues.

Definition 1. Dong et al.30 A follower is defined as a
well-information if it can communication with all the
leaders, otherwise it is said to be uniformed.

Assumption 1. Each communication topologies GF
s tð Þ in

switching sets is undirected and connected.

Problem description

The dynamic of follower i i 2 OFð Þ is given by:

_xi tð Þ=Aixi tð Þ+Biui tð Þ
yi tð Þ=Cixi tð Þ

�
ð1Þ

where xi tð Þ 2 R
ni and yi tð Þ 2 R

p represent the state and
output of the follower i. ui tð Þ 2 R

mi is denoted to the
control input. Ai 2 R

ni3ni , Bi 2 R
ni3mi and Ci 2 R

p3ni

are the constant gain known matrices with rank
Bið Þ=mi. The system matrixes Ai,Bið Þ and Ci,Aið Þ are
stabilizable and observable, respectively.

The leader of j j 2 OEð Þ is modelled as:

_zj tð Þ=Szj tð Þ
yj tð Þ=Uzj tð Þ

�
ð2Þ

Figure 1. Framework for the observer-based control protocol.
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where zj tð Þ 2 R
q and yj tð Þ 2 R

p are the state and the
output of leader j, S 2 R

q3q and U 2 R
p3q are gain

matrices. The pair U,Sð Þ is detectable.

Remark 1. The above HL-MASs contains M leaders and
N followers. Note that the followers in this paper can
both have different system matrices and dimensions. If
M=1, this problem can be converted to a target enclos-
ing in Wang et al.41 If the all agents have the same
dynamic, the system in this paper can be transformed
into the work of Dong et al.30

Assumption 2. The following regulator equation:

EiS=AiEi +BiFi

0=CiEi �U

�
ð3Þ

have solution matrices Ei,Fið Þ, i=1, 2, � � � ,N.

Remark 2. Note that Assumption 2 is standard for coop-
erative control of HL-MASs (see, e.g., Refs.40,45,46).
The solvability of regulator equations is important for
the output regulation problems. As shown in Huang,47

the regulation equations are solvable, if

rank
Ai � lIni Bi

Ci 0

� �
= ni + p, i=1, 2, � � � ,N:

are satisfied for all l 2 s(S).
To explain the predefined formation, a vector

hF tð Þ= hT1 tð Þ, hT2 tð Þ, � � � ,
	

hTN tð Þ

T

is introduced, where
the element hi tð Þ 2 R

q is piecewise continuously differ-
entiable. Let hoi tð Þ=Uhi tð Þ i 2 OFð Þ represents the out-
put formation.

Definition 2. The HL-MASs (1) and (2) can realize the
TVOF tracking if for any given bounded initial states,
there exist non-negative coefficients bj j=N+1,ð
N+2, � � � ,N+MÞ that satisfies

PN+M
j=N+1 bj =1 and

for each follower the following equation is accomplished

lim
t!‘

yi tð Þ � hoi tð Þ �
XN+M

j=N+1
bjyj tð Þ

� �
=0 ð4Þ

Remark 3. When TVOF tracking is achieved,PN+M
j=N+1 bjyj tð Þ represents the convex combination of

the leaders’ outputs. If M=1, it can be get from
Definition 2 that lim

t!‘
yi tð Þ � hoi tð Þ � y1 tð Þð Þ=0, which

means the TVOF tracking with only one leader is fin-

ished. Note that if M=1 and
PN
i=1

hoi tð Þ= 0, the

Definition 2 is converted to lim
t!‘

y1 tð Þ �
PN

j=1
yj tð Þ

N

 �
=0.

Therefore, the TVOF tracking problem is transformed
into a target enclosing problem.

The major task of this work is to design the TVOF
tracking protocol for HL-MASs under the influence of

both communication delays and switching interaction
topologies.

Main results

In this section, a distributed observer aiming to evalu-
ate the combination of the multiple leaders’ outputs is
proposed under the condition of both communication
delays and switching networks. Then, by using com-
mon Lyapunov function and LMI technique, the
observer’s error can converge to zero. In the mean-
while, the TVOF tracking design problems are
studied.

Assumption 3. Dong et al.30 Each follower is either a
well-informed or an uninformed follower. For any com-
munication topology, each uniformed follower has at
least a path pointed to the well-informed follower.

Remark 4. To realize the output formation-tracking with
both communication delays and switching topologies, the
Assumption 3 is necessary to construct the state obser-
ver. It should be pointed out that the well-informed fol-
lowers are denoted as the agents with powerful sensors,
while the uninformed followers are those with poor sen-
sors. Therefore, the well-informed followers can reach
the information of all the leaders and the informed fol-
lowers can only receive the state of the neighbouring
followers.

For Definition 1, the Laplacian matrix according to
the MASs (1) and (2) is given as following

Ls tð Þ=
LF

s tð Þ LFE
s tð Þ

0M3N 0M3M

� �

where LF
s tð Þ 2 R

N3N and LFE
s tð Þ 2 R

N3M.

Lemma 1. Dong et al.30 It can be verified form
Assumption 1 that each row of �ðLF

s tð ÞÞ
�1ðLFE

s tð ÞÞ is equal
and the cumulative sum is 1.

�ðLF
s tð ÞÞ

�1ðLFE
s tð ÞÞ=1M �

bM+1, bM+2, � � � , bM+N½ �PM+N
k=M+1 bk

Consider the following distributed observer to esti-
mate the convex combination of the leaders’ state.

_̂
zi tð Þ=Sẑi tð Þ

�K1

P
j2N i

Fs tð Þ

wij ẑi t� t tð Þð Þ�ẑj t� t tð Þð Þ
��0

@

+
P

k2N i
Es tð Þ

wik ẑi t� t tð Þð Þ � zk t� t tð Þð Þ
� �1A

ð5Þ

where ẑi tð Þ 2 R
q, K1 2 R

q3q is a constant gain matrix.
t(t) is the communication delay.

1374 Measurement and Control 54(9-10)



Remark 5. Note that the state observer is constructed
based on the instant of the neighbouring observer’s state
and the leader’s state, so we do not need the exact value
of the time-varying delay.

Assumption 4. The term of t(t) represents the time-
varying delays satisfying 04t(t)4s and _t(t)j j4d \ 1,
in which s and d are known constants.

Lemma 2. Jiang et al.44x tð Þ 2 R
2d is defined as a column

vector with time-varying elements and a smooth first deri-
vative. Then, it can be obtained the following inequality
holds:

�
ðt
t�t tð Þ

_xT sð ÞS _x sð Þds4

�xT tð Þ
MT

1 +M1 �MT
1 +M2

� �MT
2 �M1

" #
�x tð Þ

+ t tð Þ�xT tð Þ
MT

1

MT
2

" #
S�1 M1,M2½ ��x tð Þ

ð6Þ

where M1,M2 2 R
2d, S=ST . 0, �x tð Þ= xT tð Þ,½

xT t�t tð Þð Þ�T.
Let �l1 = minfli

s(t)g, �l2 = maxfli
s(t)g, where

s(t) 2 1, 2, � � � , kf g, li
s(t) denotes the eigenvalue of real

symmetric positive definite matrix.

Lemma 3. Xiao et al.28 Assume that for any agent i
under all switching topologies, Yi

s(t) =F0 + li
s(t)F1 \ 0

if and only if Yi =F0 + �liF1 \ 0 i 2 1, 2f gð Þ.

Remark 6. By using Lemma 3, the stability of the pro-
posed N systems can be transformed into the stability of
the systems for just maximum and minimum eigenvalues
with switching topologies. Since MASs usually have
numerous individuals, Lemma 3 is independent of the
amount, which means that the proposed Lemma can
greatly reduce the computational complexity.

Then, K1 can be designed following those LMI.
Suppose that the following LMIs (7) have the posi-

tive solutions R=RT . 0, Q=QT . 0, X=XT . 0
and real matrix ~K1 for any �li i=1, 2ð Þ. Therefore, ~K1

can be given as K1 = ~K1Q
�1.

Y
(�li)=

X11 X12 X13 0 R
� X22 X23 sX 0
� � �sX 0 0
� � � �sX 0
� � � � �Q

2
66664

3
77775\ 0

ð7Þ

where

X11 =RST +SR� �li
�K1 � �li

�K1
T � (1� d)Q

X12 =R� �li
�K1 � (2� d)Q

X13 =sRST � s�li
�K1

T

X22 =� (3� d)Q

X23 =� s�li
�K1

T

Theorem 1. Based on the calculated K1 and Assumption
1, the proposed observer (5) can evaluate the convex
combination of multiple leaders’ state with both time-
varying delay and switching topologies, that is,

lim
t!‘

ẑi tð Þ�
1PN+M

k=N+1

bk

XN+M

j=N+1

bjzj tð Þ

0
BBB@

1
CCCA=0, i 2 OF ð8Þ

Proof. Let ẑF tð Þ= ẑT1 tð Þ, ẑT2 tð Þ, � � � , ẑTN tð Þ
	 
T

and

zL tð Þ= zT1 tð Þ, zT2 tð Þ, � � � ,
	

zTM tð Þ

T
, then distributed

observer can be written as follow:

_̂
zF tð Þ= IN � Sð ÞẑF t� t tð Þð Þ

�ðLF
s tð Þ � K1ÞẑF t� t tð Þð Þ

�ðLFE
s tð Þ � K1ÞzL t� t tð Þð Þ

ð9Þ

Define ~zF tð Þ= ẑF tð Þ � ð�LF
s tð Þ
�1
LE

s tð Þ � IqÞzL tð Þ.
Based on (9), it can be obtained that

_~zF tð Þ= IN � Sð Þ~zF tð Þ � ðLF
s tð Þ � K1Þ~zF t� t tð Þð Þ ð10Þ

Constructing the following common Lyapunov–
Krasovskii candidate function:

V tð Þ=V1 tð Þ+V2 tð Þ+V3 tð Þ ð11Þ

where

V1 tð Þ= ~zF
T
tð Þ IN � R�1
� �

~zF tð Þ,

V2 tð Þ=
ðt
t�t tð Þ

~zF
T
sð Þ IN �Q�1
� �

~zF sð Þds,

V3 tð Þ=
ð0
�s

ðt
t+m

_~zF
T

sð Þ IN � X�1
� � _~zF sð Þdsdm:

Let LF
s tð Þ= diag l1

s tð Þ, l
2
s tð Þ, � � � , lN

s tð Þ

� �
, one knows

that LF
s tð Þ is symmetric. Therefore, it is possible to find

an orthogonal matrix ~Us tð Þ which satisfying that

~UT
s tð ÞL

F
s tð Þ

~Us tð Þ=LF
s(t).

Let h tð Þ= ~UT
s tð Þ � IPN

i=1
ni

 �
~zF tð Þ= hT

1 tð Þ,hT
2 tð Þ,

	
� � � ,hT

N tð Þ

T
, ĥi tð Þ= hT

i tð Þ,hT
i t� t tð Þð Þ

	 
T
, the time

derivative of V tð Þ along (10) is

_V1 tð Þ= _hT tð Þ IN � R�1
� �

h tð Þ+hT tð Þ IN � R�1
� �

_h tð Þ
=hT tð Þ IN � R�1S+STR�1

� �� �
h tð Þ

+2hT tð Þ �LF
s(t) � R�1BK1

� �
h t� t tð Þð Þ

=
XN
i=1

hT
i tð Þ R�1S+STR�1

� �
hi tð Þ

+2
XN
i=1

hT
i tð Þ �li

s(t)R
�1BK1

� �
hi t� t tð Þð Þ

=
XN
i=1

ĥT
i tð Þ R�1S+STR�1 �li

s(t)R
�1BK1

� 0

" #
ĥi tð Þ

ð12Þ
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_V2(t)=hT tð Þ IN �Q�1
� �

h tð Þ
� 1� _t tð Þð ÞhT t� t tð Þð Þ IN �Q�1

� �
h t� t tð Þð Þ

ð13Þ

From Assumption 3, one gets

_V2(t)4hT tð Þ IN �Q�1
� �

h tð Þ
� 1� dð ÞhT t� t tð Þð Þ IN �Q�1

� �
h t� t tð Þð Þ

=
XN
i=1

hT
i (t)Q

�1hi(t)

� 1� dð Þ
XN
i=1

hT
i t� t tð Þð ÞQ�1hi t� t tð Þð Þ

=
XN
i=1

ĥT
i (t)

Q�1 0

0 � 1� dð ÞQ�1

� �
ĥi(t)

ð14Þ
_V3 tð Þ=s _hT tð Þ IN � X�1

� �
_h tð Þ

�
ðt
t�s

_hT sð Þ IN � X�1
� �

_h sð Þds
ð15Þ

Let -i = S, � li
s(t)BK1

h i
, then one gets

_hT tð Þ IN � X�1
� �

_h tð Þ=hT tð Þ IN � SX�1S
� �

h tð Þ
�2hT tð Þ Ls(t) � STX�1BK1

� �
h t� t tð Þð Þ

+hT t� t tð Þð Þ L2
s(t) � BK1ð ÞTX�1 BK1ð Þ

� �
h tð Þ

=
XN
i=1

ĥT
i tð Þ-T

i X
�1-iĥi tð Þ

ð16Þ

Based on Assumption 4 and Lemma 2. One has

�
ðt
t�s

_hT sð Þ IN � X�1
� �

_h sð Þds

��
ðt
t�t tð Þ

_hT sð Þ IN � X�1
� �

_h sð Þds

=�
ðt
t�t tð Þ

XN
i=1

hT
i tð ÞX�1hi tð Þds

=
XN
i=1

�
ðt
t�t tð Þ

hT
i tð ÞX�1hi tð Þds

 !

�
XN
i=1

ĥT
i tð Þ

MT
1 +M1 �MT

1 +M2

� �MT
2 +M2

" # 

+s
MT

1

MT
2

" #
X�1 M1,M2½ �

!
ĥi tð Þ

ð17Þ

Let M1 =� R�1,M2 =Q�1. From (13)–(17), it can be
verified that

_V(t)4
XN
i=1

ĥT
i (t)Ziĥi(t) ð18Þ

where

Zi =Ti +s-T
i X
�1-i +s

�R�T

Q�T

� �
X�1 �R�1,Q�1

	 

,

Ti =
Ti11 Q�1 +R�1 � li

s(t)R
�1BK1

� �(3� d)Q�1

" #
,

Ti11 =� 2R�1 +R�1S+STR�1 +Q�1:

It can be obtained that Zi \ 0 is equivalent to
Ci \ 0, based on Schur complement lemma.

ci =
Ti s-T

i s �R�1 �Q�1
	 


� sS�1 0
� � �sS�1

2
4

3
5\ 0

Let G=
R 0
Q Q

� �
and �G= diag T, I,Xf g, and one

gets

�GTci
�G=

GTTGi sGT-T
i s 0 X½ �

� sX 0
� � �sX

2
4

3
5

Since K1 = ~K1Q
�1, then according to Schur comple-

ment lemma,
Q

(�li)\ 0 are equivalent to
Q

(li
s tð Þ)\ 0

i=2, 3, � � � ,N,s(t)=1, 2, � � � , kð Þ and
Q
ðli

s tð ÞÞ\ 0 is

equal to �GTci
�G \ 0. One obtains

lim
t!‘

~zF tð Þ=0 ð19Þ

Based on the calculated K1, the distributed observer
error ~zF tð Þ is convergent signifies that each follower can
get the convex combination by multiple leaders through
the proposed observer. This completes the proof.

Remark 7. According to Theorem 1, all followers can
obtain the same combination by multiple leaders under
the circumstance with both communication delays and
switching interaction topologies. The study of this paper
is the extension of the work in Hua et al.42 Besides the
switching topologies, time-varying delays are taken into
consider, which means the approach in this paper can
cope with more complex external environments.

Consider the following observer-based formation-
tracking protocol

ui tð Þ=K2ixi tð Þ+K3i ẑi tð Þ+ hi tð Þ
� �

+ ri tð Þ ð20Þ

where the compensation input for formation tracking is
denoted to ri tð Þ 2 R

mi . K2i and K3i denote the gain
matrix to be determined later. Note that rank
Bið Þ=mi, there exists a nonsingular matrix

Gi = B̂T
i ,

~BT
i

	 
T
with B̂i 2 R

ni�mið Þ3ni and

~Bi 2 R
ni�mið Þ3ni .

Algorithm 1: Steps to determine the TVOF tracking
protocol.
Step 1: Choose Ei and Fi satisfying the regulator
equation.
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Step 2: Consider a predefined TVOF vector hF tð Þ. if the
following feasibility condition holds for each follower,
then continue; otherwise, choose another formation.

lim
t!‘
ð ~BiEiðShi tð Þ � _hi tð ÞÞÞ=0 ð21Þ

Step 3: Calculate the compensation input ri tð Þ as
follows

ri tð Þ=� B̂iEiðShi tð Þ � _hi tð ÞÞ ð22Þ

Step 4: Design the distributed observer (5) for MASs
(1) and (2) with both switching topologies and commu-
nication delays.
Step 5: Choose appropriate K2i such that Ai +BiK2i is
Hurwitz, and K3i is designed as K3i =Fi � K2iEi.

Remark 8. It should be pointed out that the former steps
(Steps 1 and 2) show the necessary conditions for the
HL-MASs to achieve TVOF tracking. A novel control
strategy to determine the gain feedbacks is demonstrated
in the latter steps. The constant gain matrix K1 can be
given to make the state observer’s system independent of
switching networks and communication delays. Then, an
observer-based control protocol can be designed to be
convergent by using the calculated K2i and K3i

(i=1, 2, :::,N).

Theorem 2. If there exists an expected time-varying forma-
tion hF tð Þ satisfying (21), then MASs (1) and (2) under
both communication delay and switching networks can
achieve TVOF tracking under the control protocol (20).

Proof. Under protocol (20), the closed loop of the fol-
lowers is given as following

_xi tð Þ= Ai +BiK2ið Þxi tð Þ+BiK3iẑi tð Þ+BiK3ihi tð Þ
; +Biri tð Þ

ð23Þ

Let z tð Þ= 1PM+N

k=M+1
bk

PM+N

j=M+1

bjzj tð Þ, then _z(t)=

1PM+N

k=M+1

bk

PM+N

j=M+1

bj _zj(t)=Sz(t).

Note that ~zi tð Þ= ẑi tð Þ � z tð Þ and the formation-
tracking error V i tð Þ= xi tð Þ � Ei z tð Þð + hi tð ÞÞ
i=1, 2, � � � ,Nð Þ. Based on the step 5 of Algorithm 1
and the regulator equation (3), the derivation of the
formation-tacking error system can be written as:

V i(t)= Ai +BiK2ið Þxi(t)
� Ai +BiK2ið ÞEi z(t)+ hi(t)ð Þ
+BiK3i

~zi(t)+EiShi(t)� Ei
_hi(t)+Biri(t)

= Ai +BiK2ið ÞV i tð Þ+BiK3i
~zi tð Þ+EiShi tð Þ

�Ei
_hi tð Þ+Biri tð Þ

ð24Þ

Since the formation tracking feasible condition (21)
is feasible, which means that

lim
t!‘
ð ~BiEiðShi tð Þ � _hi tð ÞÞ+ ~BiBiri tð ÞÞ=0 ð25Þ

From (22), one gets

B̂iEiðShi tð Þ � _hi tð ÞÞ+ B̂iBiri tð Þ=0 ð26Þ

Note that Gi = B̂T
i ,

~BT
i

	 
T
is nonsingular. It can be

verified from (25) and (26) that

lim
t!‘
ðEiðShi tð Þ � _hi tð ÞÞ+Biri tð ÞÞ=0 ð27Þ

Based on Theorem 1, one has lim
t!‘

~zi tð Þ=0. Note

that Ai +BiK2i is Hurwitz, it can be verified that

lim
t!‘
V i tð Þ=0 ð28Þ

Since the TVOF tracking error yi tð Þ � hoi tð Þ�
Uz tð Þ=CiV i tð Þ, substituting the regulator (3), one has

lim
t!‘

yi tð Þ � hoi tð Þ �
XN+M

j=N+1
bjyj tð Þ

� �
=0 ð29Þ

Thus, the TVOF tracking is accomplished under
both communication delay and switching interaction
topologies. Then the conclusions of Theorem 2 can be
verified.

Remark 9. If M=1, TVOF tracking problem for HL-
MASs is converted to the target enclosing with one
leader, which means the control protocol can be directly
obtained by Theorem 2. Note that homogeneous systems
is the special case of the heterogeneous systems.
Therefore, Theorem 2 can be used to determine the pro-
tocol for the systems with the same dynamics.

Numerical simulation

Example 1. Consider a MAS with seven agents, which
include four heterogeneous followers and three leaders.
The followers and leaders set are denoted by
OF = 1, 2, 3, 4f g and OE = 5, 6, 7f g, respectively. Let
t tð Þ=0:05+0:01 cos tð Þ. Figure 2 gives the switching
topologies. Figure 3 represents the switching signal
within t=50s. The communication topology swithes
at the time instant t=10s, 20s, 30s, 40s and keeps fixed
during the dwell time.

The dynamics of four followers are presented by (1)
with:
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A1 =A2 =

0 1 0

0 0 1

2 �2 �1

2
64

3
75,B1 =B2 =

0 0

1 0

0 1

2
64

3
75,

C1 =C2 =

1 0 0

0 1 0

0 0 1

2
64

3
75,A3 =A4 =

0 1 0

0 0 1

�1 �2 �1

2
64

3
75,

B3 =B4 =

0 0

0 1

1 0

2
64

3
75,C3 =C4 =

1 0 0

0 1 0

0 0 1

2
64

3
75:

The dynamic of three leaders are shown as:

S=
0 �1 0
1 0 0
0 0 �1

2
4

3
5, U=

0 1 0
1 0 0
0 0 1

2
4

3
5.

The formation vector h tð Þ is specified as follow:

hi tð Þ=

15 sin t+
i� 1ð Þp

2

 �

�15 cos t+
i� 1ð Þp

2

 �

30 cos t+
i� 1ð Þp

2

 �

2
66666664

3
77777775

i=1, 2, 3, 4ð Þ

If the desired TVOF tracking is finished, the output
of the follower can achieve a regular square.

According to Algorithm 1, for each follower, the

regulator is given as: E1 =E2 =
0 1 0
1 0 0
0 0 1

2
4

3
5,

F1 =F2 =
0 �1 �1
2 �2 0

� �
, E3 =E4 =

0 1 0
1 0 0
0 0 1

2
4

3
5,

F3 =F4 =
2 1 0
0 �1 �1

� �
.

Let B̂1 = B̂2 =
0 1 0
0 0 1

� �
, B̂3 = B̂4 =

0 0 1
0 1 0

� �
,

~B1 = ~B2 = ~B3 = ~B4 = 1 0 0½ �. The TVOF tracking
feasible condition is proved to be satisfied.

Then, TVOF tracking compensation is given as
follow:

r1 =
0

30 cos tð Þ � 30 sin tð Þ

� �
,

r2 =
0

30 cos t+
p

2

� �
� 30 sin t+

p

2

� �" #
,

r3 =
30 cos tð Þ � 30 sin tð Þ

0

� �
,

r4 =
30 cos t+

3p

2

 �
� 30 sin t+

3p

2

 �
0

2
4

3
5:

Solving the LMI (7), K1 can be given as

0:2712 �0:0051 0
0:0051 0:2712 0

0 0 �0:0396

2
4

3
5.

In order to make Ai +BiK2i Hurwitz,

K21 =K22 =
�6 �5 �1
�2 2 0

� �
,

K23 =K24 =
1 2 �1
�12 �7 �1

� �
.

Using step 5 in Algorithm 1,

K31 =K32 =
5 5 0
0 0 0

� �
, K33 =K34 =

0 0 1
7 11 0

� �
.

Let xij 0ð Þ=3 Y� 0:5ð Þ i=1, 2, 3, 4; j=1, 2, 3ð Þ and
zij 0ð Þ=3 Y� 0:5ð Þ i=5, 6, 7; j=1, 2, 3Þð denote,
respectively, the initial state of the followers and lead-
ers, where Y is a random number between 0, 1ð Þ. The
initial states of the observer are zeros.

Figure 4 demonstrates the output snapshots at dif-
ferent moments of seven agents, where the outputs of
the MASs are represented by different colours, and the

Figure 2. Switching interaction topologies.

Figure 3. Switching signal within t = 50s.
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convex combination is denoted by imaginary line.
Figure 4 indicates that the followers form a quadrangle
formation. Figure 5 shows that the observer’s error will
converge to zero which means all the followers can
obtain the same combination of multiple leaders. As
shown in Figure 6, formation-tracking error is conver-
gent within t=50s. Therefore, TVOF tracking control
for HL-MASs with communication delays and switch-
ing topologies is realized.

Example 2. Consider a HL-MAS with four UGVs
OF = 1, 2, 3, 4f g and two UAVs OE = 5, 6f g. In the
coordinated searching and rescuing mission, UAVs
which used to has a large field of vision can be
regarded as leaders and UGVs with much more flexi-
bility can be thought as the followers. The varying
communication delay is the same as Example 1. The
switching topologies are shown in Figure 7 and the
dwelling time Td =10s.

Assumed that all the quadrotor UAVs can fly at a
constant height, which means that the formation-
tracking control only focuses on the X-Y plane. Then,
based on the outer/inner loop framework in Dong
et al.,30 the position control loop of UAVs is denoted
as follows:

_pi(t)= vi(t),
_vi(t)=apipi(t)+avivi(t)+ ui(t),

�
ð30Þ

where pi(t) 2 R
2, vi(t) 2 R

2, and ui(t) 2 R
2 (i=5, 6)

respectively represent the position, velocity and
control input. The damping constants are denoted as
api and avi.

The dynamic of UGVs can be written as

_pj(t)= uj(t), ð31Þ

where pj(t) 2 R
2 and uj(t) 2 R

2 (j=1, 2, 3, 4) denote the
position and control input, respectively.

(a) (b)

(c) (d)

Figure 4. Snapshots of seven agents at (a) t = 0s, (b) t = 6s, (c) t = 36s, and (d) t = 50s.

Figure 5. Curves of observer’s error.
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Let ap5 =ap6 =� 1, av5 =av6 =0 and u5 = u6 =0.

Then, the dynamic of the leaders’ state is presented by

S= I2 �
0 1
�1 0

� �
andU= I2 � 1 0½ �: The dynamics

of four followers are modelled as Aj =0232, Bj = I2,

and Cj = I2 (j= 1, 2, 3, 4ð Þ).
The predefined formation vector is denoted by:

hi tð Þ=

2cos t+(i� 1)p=2ð Þ
�2 sin t+(i� 1)p=2ð Þ
2 sin t+(i� 1)p=2ð Þ
2 cos t+(i� 1)p=2ð Þ

2
664

3
775 i=1, 2, 3, 4ð Þ

It is assumed that leaders are located at a predefined
height hZ =5m. And according to Algorithm 1, the
regulator is given as Ej = I2 � 1 0½ �,
Fj = I2 � 0 1½ �(j= 1, 2, 3, 4ð Þ): Moreover, it can be

concluded that the formation is satisfied with the for-
mation condition and the compensation inputs are

denoted by ri(t)= ½0, 0�T i=1, 2, 3, 4ð Þ. Then, the con-
trol feedback of the state observer is given as

K1 = I2 �
0:3780 0:0064
�0:0064 0:3780

� �
: The gain matrices are

chosen as K2i =
�1 0
0 �2

� �
i=1, 2, 3, 4ð Þ and

K3i =
1 1 0 0
0 0 2 1

� �
i=1, 2, 3, 4ð Þ: The initial state of

the followers and the state observers are generated by
random number between (0,1). And the initial states of

leaders are given as 10, � 1, 1, 10½ �T and

10, 1, � 1, 10½ �T.
Figure 8 denotes the states of the multi-robot sys-

tems within t=50s, where UGVs and UAVs are
denoted by different colours. It can be seen that the
multi-robot systems are randomly located at initial time
and achieve the desired formation-tracking at the end.
Figures 9 and 10 show the formation-tracking error
and observers’ error within the simulation time. One
sees that both error systems are proved to be conver-
gent. Therefore, multi-robot systems are said to realize
TVOF with both time-varying delays and switching
topologies.

(a) (b)

Figure 7. Switching interaction topologies: (a) G1 and (b) G2.

Figure 8. Position trajectories within t = 50s and snapshots at
t = 0s, 48s of the multi-robot systems.

Figure 6. Curves of state formation error.

Figure 9. Formation tracking error within t = 50s.
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Conclusion

TVOF tracking problem for HL-MASs under the influ-
ence of both communication delays and switching
topologies was studied. A distributed observer was pre-
sented for each follower to obtain the convex combina-
tion of multiple leaders’ state with both communication
delays and switching topologies. Using Lyapunov the-
ory and LMI technique, the observer’s error was pro-
ven to be convergent. Then, an observer-based TVOF
tracking protocol was proposed. In order to determine
the parameters, an algorithm was also presented for the
system to achieve the TVOF tracking with both time-
varying delay and switching topologies. Based on this
result, target enclosing problems for HL-MASs with
one leader has been proved. Future research will con-
centrate on the output formation-tracking control
problem for HL-MASs without well-informed follower.
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