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1 | INTRODUCTION Inspited by the biological swarm systems in real world,

formation control, whose goal is to drive the unordered agents
Recently, due to the benefit of high scalability and low com- to achieve the expected formation, has received considerable
puting consumption, coordinated control of MASs has received attention. Based on consensus approach, Ren et al. in [27] put
considerable attention in various aeries, for example, unmanned forward a unique formation control protocol for low-order
aerial vehicles (UAVs) [1, 2], satellite systems [3—0], and under- multi-vehicle systems. However, in practical environment, such
actuated sutface vessels [7]. Moreover, its reseatch fields can be as the congestion of the interaction channel and communication
classified into different categories, for instance, consensus con- range constraints, communication delays and switching topolo-
trol approach [8—13], formation control problem [14-18], con- gies emerge. Therefore, time-delayed protocol was presented
tainment control approach [19-22], and formation-containment for the MASs with directed topologies in [28]. Considering a
control approach [23-20]. more general systems, by only using the information between
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the neighbours, a formation problem for high-order MASs
with communication delays was investigated in [29]. Note that
switching topologies can affect the stability of the systems
and cause the chaos of the agents. Therefore, a formation
controller of MASs with high-order models under the influence
of switching directed networks was studied in [30]. Moreover,
a distributed formation approach under both switching topolo-
gies and communication delays was proposed and formation
feasibility condition was also presented in the work [31]. In [32],
a consensus-based approach was presented for the MAS in the
presence of communication delays and switching interaction
topologies. As a counterpart with formation, another popular
research field in coordinated control is containment control,
where the agents in this problem are divided into two categories,
leaders and followers. The control target is to enforce the fol-
lowers enter the convex combination spanned by multiple lead-
ers. As a pioneering work in containment, a hybrid Stop-Go pol-
icy was presented to drive the followers entering the convex hull
in [33]. Considering the time delay, an observer-based contain-
ment protocol was studied for high-order MASs with directed
graph in [34]. To satisfy the complex environments, both con-
tinuous and discrete-time systems were taken into consideration
with the influence of communication delays on the contain-
ment control in [35]. Note that the interaction topologies of
the MASs can be switching due to the uncertain environments.
Su et al. in [30] studied the containment problem for MASs
with generic linear under switching networks. By using the
combination of convex analysis and stochastic process, contain-
ment control of MASs with stochastic topologies was studied
in [37].

Combined the formation control with containment control, a
significant formation-containment problem arises which allows
the leaders achieve the desired formation and followers can
enter the formation. Note that compared with containment
control, there exists also leaders and followers, but the lead-
ers should interact with each other to form the expected for-
mation in the formation-containment problem. As a result of
the close relationship between the leaders and the followers,
the formation-containment control has been applied in many
engineering aeries, such as formation coordinated attack and
coordinated penetration. In formation coordinated attack, the
unmanned aerial vehicles are denoted as the leaders and the
manned fighters are represented as the followers. Leaders are
allowed to form the desited formation and the followers can
enter the formation. Therefore, when the foes arise, the fol-
lowers which are much more important can be protected. It
should be pointed out that because of the interaction between
the leaders and followers, it is difficult to isolate the Laplace
matrix between them. Formation-containment control methods
and feasible conditions for general-linear swarm systems wete
investigated in [38], which means the above control methods, no
matter it is formation, containment or consensus problem, they
all can be thought as a special case of formation-containment
problem. The control strategy of formation-containment was
applied into the UAVs signifying the effectiveness of the pro-
posed method in the work of Dong et al. [39]. Both fixed and
time-varying communication delays were taken into considera-

tion for MASs to achieve formation-containment problems in
[40, 41]. For multiple UAVs with directed switching topolo-
gies, Han in [42] extends the formation-containment control
for MASs to multiple UAVs under directed switching topolo-
gies. In the prior works mentioned above, the control strategies
for formation-containment are step into a more practical field.
However, it cannot be avoided that the communication delays
and switching networks may exists simultaneously. Formation-
containment problem for MASs with general linear dynamic
with communication delays and switching networks is challeng-
ing,

In the current paper, a consensus-based solution was put for-
wartd to realized formation-containment of generic linear MASs
under communication delays and switching topologies. First,
because of the different roles that the agents play, two differ-
ent protocols are proposed for the leaders and follower. Then,
necessary and sufficient conditions for the leaders to achieve
the expected formation are provided under the constraints of
communication delays and switching topologies. Moreover, uti-
lizing the method LMI technology, an approach is developed to
obtain the gain matrices. At last, based on the proposed Lya-
punov function and formation feasibility condition, both the
state observers and formation-containment systems ate said to
be convergent.

Compared with the outstanding works mentioned above, the
main contributions of this paper can be listed as following,

1. Because the leaders have a huge impact on the followers,
formation-containment control is more difficult in cooper-
ative control. Compared with formation control in [14-16,
27-29], the followers can enter the formation spanned by
the multiple leaders. Besides, in contrast to the containment
control in [19, 34-30], the leaders can exchange information
with each other to realize the predefined formation. There-
fore, the formation-containment problems have important
value of engineering application.

2. Note that MASs with communication delays and switch-
ing interaction topologies were investigated in the current
paper. In the work of Han et al. [41], formation-containment
problem with communication delays was studied. Note that
if switching topologies emerge, the convex combination of
the leaders may change, and the formation-containment
error cannot be convergent. Compared with formation-
containment problem in [42], the systems are divided into
the two systems. It should be pointed out that only switching
networks is taken into consideration and the convergence of
the systems focuses on each switching system. Therefore, the
methods mentioned before can not be directly used to solve
the formation-containment systems with both time-varying
communication delays and switching networks.

3. The control protocol was studied for general linear MASs on
formation-containment. Hence, the formation-containment
control mentioned in this paper ate practical than the work
in [41].

The paper is organized as follows. Section 2 gives some
preliminaries on graph theory and the statements of the
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formation-containment problems. Both control protocols and
some important theorems are introduced in Section 3. Then,
simulation results which can illustrate the effectiveness of the
proposed method are presented in Section 4, Finally, conclu-
sions are demonstrated in Section 5.

The notations throughout this paper are shown as follows.
Let @ be the Kronecker product. 1 stands for a column vector
with 1 as its element. 7, represents the # X # identify matrix. Let
diagd Dy, Ds, ...

the transpose matrix of the matrix X .

, Dn} represents a diagonal matrix. X7 denotes

2 | PRELIMINARIES AND PROBLEM
FORMULATION

In this section, some preliminaties of graph theory are demon-
strated and the descriptions on formation-containment are
also proposed.

2.1 | Graph theory

A graph € is denoted to {V, €, W'}, where V' = {v, 15, ... 1,}
is the set of the nodes, € € ¥ X ¥ represents the edges set,
as well as W = [w;] € R”" indicates a weighted adjacency
matrix. Let ¢;,=(;, 7;) denotes the edge form node #; to »; and
w;; is the non-negative element with ¢;. If and only if »; can
interaction with 2, w;; > 0; otherwise, w;; = 0. Let /; = {Q/» €
V @ (v;,v;) € €} is neighbour set of node 2. The Laplacian
mattix £ € R™” associated with € is definedas £ =D — W/,
whete & is the in-degtee diagonal mattix of the graph. A path
form »; to »; is defined as an ordered sequence of the edges
(v 211)s (1> 22)s > (Vigs ;). The graph is said to be undi-
rected if »;; € € implies v; € € and w;; = w;, as well as the
connected undirected graph is defined as there exists a path for
any two nodes 2; and ;.

Note that the interaction among the MASs can be switch-
ing. The index set of the switching graph is represented by
#H =1{1,2,...,s}. Let [£,#e41) denote an infinite sequence of
non-overlapping time intervals, where #, = 0, #, — #,.41 > T; >
0. The interaction topology can be switching at the instant 7, and
keeps fixed in the dwell time 7. o(7) : [0,00) = {1,2,...,s} is
the switching signal. Define ;) and &) as the graph and
Laplacian matrix at 7.

Assume that the neighbours of the leaders are only leader
and that there exist M leaders and N followers. Let O =
{1,2,...,M} and Op ={1,2, ..., N} represent, respectively, the
leader set and follower set.

The Laplacian mattix & of the graph at 7 is given as

gé(»‘) 55(";5)
< ot) = :
0 %"

o(t)

F NXN FE NXM E MXM
where 550@ eR , ga(;) eR and gam € RMXM,

Denote € 5 ( and € :j( ) the interaction topology among follow-

9 6 9 6

8 7 8 {7 )

(a) (b)

FIGURE 1 Switching topologies in the example

ers and leaders at 7, respectively. Hence, & 5 * and & f( ) are the

corresponding Laplacian matrixes.

Assumption 1. Suppose that the communication topology

€

5 ® is connected and undirected.

Assumption 2. For each switching topology, there exist at least
one follower who can communicate with all the leaders.
Remark 1. To realize the formation-containment control
with both communication delays and switching topologies, the
Assumption 1 and Assumption 2 represented before are neces-
sary to construct a state observer (see the illustrative example
1). It should be pointed out that the well-informed follower can
be seen in the works [44—40], and in practical applications, the
well-informed followers are denoted as the agents with power-
ful sensors, while the uninformed followers are those with poor
sensors. Therefore, the well-informed followers can reach the
information of all the leaders and the informed followers can
only receive the information of the neighbouring followers.

To show that Assumption 1 and Assumption 2 are impot-
tant for the MASs to construct a new control framework, by
using the control protocol and gain matrices in [40], a numerical
example is shown as follows:

Lllustrative example 1: Assume there exists a MAS consisting of
five followers and four leaders. The time delay satisfies T = 0.15.
The switching topologies are denoted as in Figure 1, and will
switch at # = 10, 30, 50 s.

The systems matrices are represented as:

-3 1 =3 0
A=|l0 0o 1 |[B=|0
-2 -4 -6 1

Then, the control protocol for the /-th follower is given as:

() = Kixi(t) + Ko ), wy(xt = 1) = x,¢ = 7).
JEN;

The control input for /-th leader is given as following:

w(0) = Kixi () + K % wy (0 = 1) = bt = 7))
JEN;

—(xe—1)= bt —1))).
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25007 Let by (#) = [b] (#), B2 (¢) .., b1, (#)] € R denote the time-
varying formation, where /y[.T (¢) is piecewise continuously differ-

2000 - entiable.

Definition 1. If for each leader in MASs (1), there exists a
= 1500 vector-value function f(#) € R” satisfying the following equa-
= tion
e oy lim (3,0) = /() = 50) =0 (G € Op). @

500 [ Then the leaders are proved to achieve the formation by (7).

Definition 2. The followers in MASs (1) can realize the con-

0 ‘ ‘ ‘ ‘ ' ‘ tainment if (3) holds for each follower
0 5 10 15 20 25 30 35 40 45 50

FIGURE 2 Curve of the containment error in the example

Let the gain matrices in the formation-containment control
protocol be K= [—3,3,1], K= [0.4978, —0.1074, —0.2669],
K5=[0.5361, —0.0562, —0.2499].

The desired formation for the four leaders is specified by

(i—6)1
2

(i —6)m
2

—15sin <z + M)

15sin | 7 +
bit) =] 15cos |z + (7=106,7,8,9).

2

From Figure 2, one sees that if the topologies are switch-
ing, the convex combinations of the leaders may change, and
then the containment error cannot be convergent. Therefore,
the exiting formation-containment control protocol in [40-42]
no longer meets the circumstance of both time-varying delays
and switching topologies. A new control protocol should be put
forward to solve the complex communication environment.

Lemma 1. /8] Assume that assumption 1 holds, 0 is the simple eigen-

valne belonging to the & g( ’ and its corresponding right eigenvector is

15/ NN The rest of the others N — 1 eigenvalues are greater that eros.

2.2 | Problem description

The agents dynamics ate described by

. . , M
5x;(t) = Ax;(t) + Bu (1) i€ Op

l {z@ = A() + Bup(r) i€ Op
where 4 € R™" B & R™. x;(t) € R™ and z;(t) € R™”
denote the states of the /-th follower and leaders, respectively.
#: (1) (i € OF) and up (t)(7 € OF) represent, respectively, the
control input of the /-th follower and leaders.

M
lim <x,-<f> -2 %-/z/@) =€, O

=0

where €;;( € Op,j € Op) are the positive constants with

M
X8 =1

Definition 3. If both (2) and (3) are satisfying under any given
bounded initial states, the MASs (1) can realize the formation-
containment.

Remark 2. According to definition 1-3, it can be realized that
the formation-containment problem can be seen as the integra-
tion of the formation and containment problem. Moreovet, it is
a much more complex condition on coordinated control. Note
that if V= 0, which means there is no leaders in MASs. Then,
the formation-containment can be transformed into the forma-
tion control. If sz (#) = 0 and there is no interaction between
the leaders, the formation-containment can be regarded as the
containment control. Furthermore, if both NV and f(#) are equal
to 0, the formation-containment problems discussed in the
current paper becomes an state consensus control. Formation-
containment control problem arise after the consensus problem
and can be regarded as the extension of the consensus
control.

Remark 3. Note that although in formation-tracking prob-
lem, there exist leaders and followers. It should be pointed out
that the agents play different roles comparing with formation-
containment control. In formation-containment problem, the
leaders should form the expected formation rather than gener-
ate the reference trajectory, and the followers should enter the
desired formation instead of achieved the predefined formation.

Let =R —T@) =t —T?))0 € Op), the
formation-containment protocols for leader /i (i € Of) is
given as following:

wp ) = KO+ K Y, w5 —1@)
jen! 4)

ol?)

—%¢ - ()],
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A state observer and the control input for /~th (/ € Op) fol-
lower are given as

-

2,) = Ly @ (A+ BK))R:(2)

—K& |5 (2,6 = T(0) = 2t = T(2))

< M+N

+ Y (R —T@) = R —T@)

k=M+1

» 0

M

wr (1) = Ky (1) — K, Z &, 2,(0)
J=1

L

where £;(1) = [£) (1), 25 0)s ey R, 017 with 2, ;(2) repre-
senting the evaluate state for j-th leader by follower 7. z(#) =
[le @), QZT ()5 eee s ﬂ )] denote the compact form of the lead-
ers state, as well as K;(? = 1,2, 3,4, 5) represent the unknown
feedback matrices. The predefined containment positive con-
ifs which for each follower 7, Zjil € = 1.
Suppose that if follower 7 can communicate with all the leaders
in MASs (1), 57" > 0; otherwise, 57 = 0. 7(7) is the commu-
nication delay that satisfy the following assumption. Since all

stant is denoted to €

agents have the same control chip and the systems are isomor-
phic, it makes sense that 7(#) is the same.

Assumption 3. Let 0 < 7(#) < d; denote the communication
delays and the detivate of it is shown as |7 (#)| < &, < 1, where
d, > 0.

In order to deal with the influence of the communication
delays and switching topologies, the flowing lemmas are pro-
posed.

Lemma 2. [43] For any continuons derivative vector entry € (¢) €

R2, the following is satisfying

— [ T () (5)ds

1=T(1)

M+ M =M+,

<@ L)
* —MZT — M ’ ©)
M
+T( () STHMy, Mu(2)
M)

where My, M, € R*,
(" @), e =T

s=5">0 and  1(t) =

Let Hyyy = By + gg,([), o(t) €{1,2,...,s}, where By, is

a diagonal matrix which diagonal element is O or 1.

Lemma 3. [32] According to Assumption 1, the matric Hg sy corre-
sponding to the €%

o ¥ non-negative.

Denote by A’

. J Ten T
min{;té([)}, A, =max{d’ } o@) €{1,2,..,s}.

o)

the eigenvalue of Hy(). Then let /Tl =

Lemma 4. [32] For any /1;@ é(f) =

@, + A D <0ifandonlyif®, = ®y + 1,®, <0 (; € {1,2}).

a(t)

in each switching topology, ©

The major goal of this paper is to solve the following
two problems for MASs(1) under both communication delays
and switching topologies: First, under what conditions the
formation-containment can be realized. Second, how to design
the protocols (4) and state observer (5).

3 | MAIN RESULTS

In this section, firstly, a neighbouring-based leaders controller
as well as an observer-based followers protocol is put forward
for MASs (1) to handle both communication delays and switch-
ing graphs. Then, the necessary and sufficient conditions for
the leaders to achieve the time-varying formation is proposed.
Morteover, an algorithm is given to design the protocols (4) and
state observer (5). Finally, the stability of the closed loop MASs
(1) is proved by the Lyapunov function and LMI technique.

Let 3() =[5/ (), %) (), ..., %1,(®)]". Then, the closed loop
of the leaders system can be written as following

2(#) = Ly @ (A+ BK))z()

. 7
~(2L, ® BK )20 - 7() g

Under protocol (5), the dynamic of the closed loop of the
followers is shown as

M

5(t) = (A+ BE)x,() = BK, D €,2(1) (€ Op). (@)
=1

Let };;(t) = X;;(t) —%,(#) denote the observing error
between /-th observer and /-th leader. Then (8) could be rewrit-
ten as follows:

M
5(0)=(A+ BR)x;(t) — BKy, X €, %)
J=1
M . )
_B]<4 Zl Eijzj (l‘)
=

According to (6), one has

50) = 1y ® U+ BK))Z0O) — (2L, ® BK )7 = ()

a(t)
+(Iy ® (A+ BK))hy: (1) = (Ly ® 1) (1)
(10)
Denote by U = [#,4,...,4y] an orthogonal constant

matrix, where 7 = 1,;/V/M, then based on Lemma 1, it
can be obtained that U £L U = diag(0, U'T %L U"), where

a(t) at)
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U = [igy e, iy Let () = (3] ® L)3() and p(r) = (U1 @
1,)Z(t), then the leaders system can be divided into two parts.

6(r)=6() — —=(11, & 1,) (1)
\/T(~*\ ) E ’ an
+—=(1, @A) bz ()

1
Wi
$@) = Ly @ NP() — V' LL, U ® BI)$( — (1))

+ (7 @ by (t) — (07 ® 1)y (1) ’

(12)
where 4 = A+ BK,.

Theorem 1. MASs (1) with communication delays and switching graphs
can realize the desired formation by (t) if and only if

lim () = 0. 13)

1—>00

Proof Define2,(r) = (U ® )67 (1), 017, () = (U @ L)1,
20 ]T. Note that [87 (#),0]” = ¢; ® O(#), where which first
component is 1 and others are 0. Then

20)=UL)G®ON)=Uq®00) =18 %
(14)
Itis assumed that z(#) = (U" @ L,)[@T(z‘), ¢T(t)] One gets

20) =2,0) + %) (15)

Note that U" @ 7, is non-singular, Z (¢) as well as Z(¢) are lin-
early independent vector. Form (14) and (15), it can be obtained
that

6
50 = 30) = 1y ® 28, 16)

Vi

Since 2(#) = () — by (¢), lim Z;(#) =0 is equal to lim
/=00 /=00
6¢)

() = hp(t) — 1y, —=) =0

GO =) = 1 ® ) =0
Because 7,(f) = (U @ 1)[67 (1),0]"and U ® I, is non-
singular. lim Z;(#) = Oisalso equalto lim ¢(#) = 0. From Def-

11— 00 =00

inition 1, the leaders of MASs (1) can realize the formation
designed by 4y (¢). This completes the proof. [l

In the following, an Algorithm with five steps is proposed to
determine the protocols and observer.

Algorithm 1. The gain matrixes K;(/ = 1,2,3,4,5) in the
controller and state observer can be designed along the follow-
ing steps

Step 1: K] is chosen to specify the eigenvalue of .4 + BK;
at the closed left-half complex plane. Note that the con-
trollability of the pair (A4, B) can guarantee the existence of
the K.

Step 2: If there exist positive symmetric matrices Ry, Qz, Sg
and real matrix &K, for any ZZE (7=1,2),LMI (17) is feasible, the

gain matric K, = K,Q7!; otherwise , the Algorithm stops.

E1Ep B3 0 Rp

o By By 45 0
[[aH = x =S, 0 0 |<o0, (a7

* *  —=diSp 0

* * *  —=Qp

where

[1]

1= R AT + ARy — A7 (BK) = A (BRy)" — (1 = dy)Qp,
12 =Ry — AP BR = 2= d)Qp,

13 =R A" — d A7 (BK)T,

2 ==0—=b)Q,

23 = —di A7 (BK),

= A+ BK,.

o0 [ [0 [

N

Step 3: Choose suitable Kj to determine the real part of
eigenvalues of 4 + BKj are greater than or equal to 0.

Step 4: Choose the suitable Kj, following the equation
Ki=K; — Ki.

Step 5: If there are positive symmetric matrices Ry, Qp, Sp
and real matrix K5 for any ZJH (7=1,2), LMI (18) is met. Then
K5 = ]_(59;1; otherwise, the algorithm stops.

EnEp B3 0 R

N * Hyp By 45 0
[[aH=| = = =45 0o o0 [<o0, (@8

%k *  —diSp 0

* % * *  —Qp

where

[1]

1 =RpAL + ARy — A K = 1K — (1 = d)Qp,
=Ry =K — 2= d)Qp,

15 =diRpAL — 27K

2 =—0—b)Q,

25 = —d K],

Ap =1y @ A.

[ o1 [l

v [1]

According to the calculated parameters in Algorithm 1, the
following theorem holds.

Theorem 2. [f the formation feasibility condition (19) is fit for the all
the leaders and the switching topologies satisfying the Assumptions

A+ BK) (5,0) = ;) — () = b)) =0. (19

Then, MASSs (1) can achieve the formation-containment with both commun-
nication delays and switching networks based on the protocols (4) and (5)
designed by Algorithm 1.

Progf. The proof of the Theorem 2 can be divided into the fol-
lowing two parts.
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Firstly, the leaders can achieve the desired formation.
According to Algorithm 1, the leader can realize the desired
formation if and only if Zlim ¢(#) = 0. Then, one obtains that
—00

(20) and (21) are the necessary and sufficient conditions condi-
tions for the leaders to achieve formation.

(1) Formation feasibility condition
VT @Mh(t) = VT @ L)h:(1) =0 (20)
(2) The switching system

VT2 U Q BK)@(t — (1))
@1

@) = (-1 @ Ap(r) —
is asymptotically stable.
Note that rank(B) = ; it can be obtained that there is a non-

8,",B,"" satisfying B, B=1, and B,B =
R(ﬂ—m})(ﬂ .

singular matrix B =
0, where B; € R”*" and B, €
Subsequently, the condition (20) is shown equivalent to the
formation feasibility condition (19).
If (19) holds, one has

( a<z>®A>bL(f) ( g@®1>/u(f)_o 22)

Recall that 36(0 = U'diag(0, U'TSZU([)U)U’T; then multi-

plying both sides of (22) by U7 ® 1, it has

((rres,v) @)l @a)m0

23
-(U'®1L)h:0)] =0 @)

Moreover, multiplying both  sides of (23) by
.. -1
(U'TSES@ ) &1, one gets condition (20). It can be

verified that (19) is the sufficient condition for (20).

Now lets turn to the necessity. Recall that rank(U"7) = M —
1. Therefore let U7 = [i, U], where # € RY=DX1 and T €
R@=DXA=1) 1f (20) holds, it has

([ T) @A) bty = ([, T) @ )b (t) = 0. (24)

Due to 771114— 0, it has 77 = =U'1y,_y. Let b (2) = [b] (),

B 1)y 1@ then it follows from (24) that

(Ur®11)(Y-Y)=0 25)

where )
Y = (ly—1 @ Dbp () = (Ly—1@1L,)hg @),
Y = (-1 @ Ay () = (L1 @ L,)b1 (7).
Multiplying both sides of (25) by U"~! ® 7, one has

by (#) = by (1) =0, (20)

where7 = 2,3, ..., M.

From (20), it can be proved that for Vi € O and j € ./Va@,

Ablj () — bz'j () = 0, which means condition (19) holds. There-
fore, condition (19) is equivalent to condition (20).

Consider the stability of the system (21). Construct the fol-
lowing common Lyapunov—Krasovskii candidate function

V@) =Ve1() + Ve () + Vs (@), @7
where

Vir () = 0" () (L1 ® B (),
Vin®) = [ #7011 ® Q71 )90
Vis@) = [0, [ 0" O (lum ® 571 @ 0)ddp

Let A<7<f> = diag(A]

tioned that U7 %L

o) .
sible to get an orthogonal matrix Vg () which meeting
A TcpkE
Ua(t)U Sa@U'U‘ o) — Aa(z‘)
Let €)= (7, U@®1ﬂ><o<r>— ZYORZEONNSH OIS
and €;(t)=[¢] (), ¢] (¢ —7(#))]; then taking the time
detivative of [ (#) along the trajectory of (27), one has

o0y a(;)"' a@) as it was men-

U is symmetric; therefore, it is pos-

M R, A+ ATR,T!
V=Y o) " :
l_/lzz ~1BK. " ’ 28)
O'(l) 3] él_ (j)
0
Via@) =7 @) (L= @ Q') € () 29)

—(1=20))e7 (¢ = 1) (ly—1 ® Q)€ =)
From the Assumption 3, one gets

VEZ(") <€’ (@) ([M—1 ® Q?)f(;‘)
—A =)t =) (Ly—1 ® Q) — 7))

Q—l
—Zt’T()[

0 —(1-d)Q;! ] b

Vi) = dléT(f)(qu ® 5/?)1?(1)
- ,l_dl Lé].(f)(]M—l ® Sgl)f(s)d;

Letw, = [4, — A" BK;], then

o)

€70 (Ly—y ® 1)) =

— 207 (1) (Agy ® AT S BKS) € (r — (1))

¢" O (1 ® A5 A)E @)

+¢1 (TN, ® (BK) S (BK))E (1)
M
=Yl ow! it ). (32)

=2
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From Assumption 3 and Lemma 2, it can be obtained that

- / 7 (5) Uy ® S (5)ds
t—d;

1

2
<- / E7 () Uy—r ® SN ()ds
! f(t)

/ Z €7 ()81 € r)ds
1=T(1) ,
M
=Y - el (0SS €, (t)ds : (33)
=2 P 10)

M M+ M —M] + M,
i=2 * —MZT - MZ
| |sE ML M) [E @)

Let M; = —R;', M.
obtained that

= .Q;, from (27) to (33), it can be

M

V) < ) 610zt (34)
=2
where

. -Rr;!

Z;=Ti+dw! SSw+d| TSRO,

Q;
oo | T Q' + R =2, RYBK,
! * —(3-d)Q;! ’

Ta = =28 + R A+ AR + Q7.

According to Schur complement lemma, Z; < 0 is equivalent
to IIJ/ <0

nodwl |-k -]
P, = a5y 0 <0
* —d; ;!
Ry 0 = .
Let I'= [Q o ] and T'=diag{T, 1,5}, then it can be
& L
obtained that
r’rr,  4r’7w! 40 S|
Iy = 45, 0

As K = KQ71, H(/TF) < 0; then according to Schur com-
plement lemma, H(/lL ) <0 are equivalent to [J(A o) <
0¢G=2,3,..,M,0(t) =1,2,...,5), which equal to FTIIJZI" <0,
from (24) to (34), one has

lim ¢ () = 0. (35)

1—>00

Remember (19) is the necessary and sufficient condition of
(20). From Schur complement lemma and the calculated K5,
one gets H(ZE) < 0; then based on Lemma 4, H(ZZE) < 0ate
equivalent to H(ﬂaw ) <0G =2,3,...,.M,00)=1,2,...,9)
for each switching systems, which means the convergence of
the formation error systems (35) is proved and MASs (1) under
both switching graphs and communication delays realized the
desired formation A (7).

The follower will enter the predefined convex combination
by the leaders.

Note that Ky=K; — K. Then let ¥;(t) = ¥,() — 3().
According to (5), one has

2,0 = Uy ® B L) = K[ 21 = 2(0)

MAN
+ X C%()?/(f—f(f))—)?/«(f—‘f(f)))] - (30)

k= M+1
L ® BRI —1()

Let () = [X] ), 7] () L))" and A =1, ® (A+
BK3), then (306) could be rewritten in a compact form as follows

i(1) = (Iy @ A() — (Fy(y @ Ks)i(t — 7(2))

Iy ® <5£ ® BK,3( — r(;))) > G7)

a(t)
where Hy sy = By + <t o) < 5(1) is followers symmettic

Laplacian matrix at 7, and By, =diag|b, K ba(t) s s bgy(f)].

Consider the stability of system (37). As shown in [39] since
2 = (f) — b1 € Op), %) =[] ), % (), -
M(f)] ; therefore, tll)n;o gf(f) ® BKZ(t — ‘((f)):O, the
stability of system (37)
system (38)

equivalent to the following

(1) = (Iy @ i(t) — (Ho(y @ Ko)t(t —7(1)).  (38)
The stability analysis of (38) is similar to (21), which means
as 1 = 00, the state observed etrors ¥;(#)(7 = 1,2, ..., V) can

converge to Zeros.
From (1) and (4), one has

%) = A+ BK)z )+

B, ¥ w3t —t@) =0 —te)]. (39
jE./Vé([)

Let containment error X;(¢) = x;(¢) — ZM_ €;;%,(?). It fol-
lows from (9) and (39) that

M
%;(1) = (A+ BK3)x;(1) — BK, 21 € Xi,;0)
=
M

—(A+ BK; + BK}) 21 £,%;() (40)
J=

M

- Z Ez/B]<2 E

kEN/

alt)

w3 =) — %, — ()]
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As t — oo, based on Algorithm 1, leaders can form
the formation. Therefore, flim et —T@) -3¢ —T@)] =
—00
0. Moreover, according to Algorithm 1, Ky=K; — K. Then (40)
can be transformed into

M

50) = (A+ BK)X, (1) — BK, ) €, 7,0 (41)
=1

From Algorithm 1 and (38), the gain matrix K5 is chosen
to make A + BK; Hurwitz. 7,(0)=[¥} 1), 2}, t), .. X}, 017,
which means [lim )Z;(t) =0(/ =1,2,...,M). Therefore,

—00 L
according to input-to-state stability in [52], it can be verified that
[lim %;(#) = 0, which implies containment error can converge
to zero.

From (35) and (41) , MASs (1) can achieve formation-
containment control under switching topologies and time-
varying delays. This completes the proof. [

Remark 4. Note that the systems (21) and (38) can be viewed
as the time-delay switched system in control theory, where
we can see that both time delays and switching graphs will
have significant influences on the stability of this system. On
the one hand, the proposed Lyapunov—Krasovskii function
for just delayed systems on fixed topology can no longer be
used in the switching case; on the other hand, time-delayed
factor is incorporated into the Lyapunov function compared
with the switched systems without time delay. Then, by putting
forward the useful lemmas and assumptions, we have con-
structed the common Lyapunov—Krasovskii candidate function
(27) to deal with both time delays and switching graphs. Finally,
the time-delay switched system is proven to be asymptotic
stability.

Remark 5. Based on the stated observer, a formation-
containment protocol is proposed for MASs (1), where the pre-
defined weights €;; are used to specify the desired combination.
One sees that MASs (1) can realize formation-containment with
both communication delays and switching topologies. More-
over, only the formations satisfying (19) can be achieved by
leaders.

Remark 6. Although there exist some works that the distributed
estimation can be achieved in [11], it should be pointed out
that the proposed state observer is constructed without neither
time-varying delays nor switching topologies, which means the
proposed Lyapunov function cannot be used to prove the con-
vergency of the time-delay switched systems, and the analysis
method based on orthogonal transformation is only satisfied for
fixed topology rather than switching topologies. Moreover, the
state observer is put forward to estimate all the leaders’ state
rather than a single leadet’s state under both time-varying delays

and switching topologies. Therefore, if bf@ > 0, the follower
can get all the information of the leaders. Due to the physical
meaning of the state observer and the coefficient 17;'(;), the fol-
lower 7 is denoted by the well-informed follower.

Remark 7. Note that the distributed observers are also asymp-
totically stable in the existing results [48—51]. Although the esti-
mation errors cannot converge to zetro in finite time, we can
design appropriate gain matrices in the observer such that the
estimation process is faster than the control process, and then
the separation principle is applicable to the closed-loop system.
Specifically, in [47], the containment problems with switching
topologies are solved based on the state observer systems; an
edge-based adaptive distributed observer is presented for each
follower to estimate the whole states of all the leaders. The com-
mon Lyapunov theory is put forward to prove the convergence
of the distributed observers under the influences of switching
graphs. Moreover, in the research of the cooperative output reg-
ulation [48—51], by using the neighbours’ information, the state
observer is contrasted to estimate the leaders’ state. Then, the
control protocol is designed based on the state observer, and the
state observers in [48-51] are proven to have asymptotic con-
vergence. Therefore, the asymptotic convergence of distributed
observer is appropriate and can guarantee the stability of the
whole closed-loop system.

Remark 8. The works in [13] and [35] investigated, respectively,
the formation or containment problem under both communi-
cation delays and switching topologies. Note that because of
the influence of the formation on the followers, the mentioned
protocol cannot be used directly to solve the MASs with both
communication delays and switching topologies. By using the
neighbours information and state observers, a novel protocol is
put forward for the MASs (1) to realize formation-containment
under both communication delays and switching topologies.
Hence, the proposed controller is more versatile and general.

4 | NUMERICAL SIMULATIONS

In this section, numerical simulations are presented to validate
the effectiveness of the proposed approach.

Assume that there exist third-order MASs with nine agents
consisting of six leaders and three leaders.

-3 1 -3 0
A=l0o 0o 1 |B=]|0
-2 —4 -6 1

Suppose that 7(#) = 0.05 + 0.01 cos(#), Figure 1 shows the
interaction topologies with 0-1 weight. Suppose that interaction
topologies are randomly chosen form fig 1 with interval.

The formation for the leaders are defined as

3oin (14 £222)

/)Z«(l) _ (G4

3 cos <l+ 7=1,2,3,4,5,6)

—3sin <z‘ + U_:)ﬂ)

From /;(¢) (/ =1,2,3,4,5,0), it can be obtained that if the
formation is realized, the state of the four leader can achieve
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FIGURE 3

Switching topologies

a regular hexagon formation with a radius » = 3 m and rotate
with a fixed angular velocity w = 1 rad/s.

According to Algorithm 1, K} can be chosenas [—3 3 1] and
the eigenvalues of A4 + BK] are specified at —8, j and ;. Choose
K5 = [2 2 3] to place the eigenvalues of 4 + BKj at —1, —2 and
—3. Since Ky = K5 — K, K, =[5 —1 2], using Step 2 and Step
5 in Algorithm 1, K, and K5 can be given as follows:

K =[—06727 02527 0.3983]
0.1318  0.0723  —0.3503
K =1,®| 00743 04532  0.0641
—0.3874  0.0225 —0.1770
The initial state vectors of the agents and
the state observers are described by = z;(0) =
20 —0.5)G=1,2,3,4,5,6;=1,2,3); x;(0) =
4©—-05@=7,8,9,=123); ;0 =20- 05)(=

7,8,9; 7 = 1,...,18), where O is a random value with a uniform
distribution on the interval (0, 1).
The desired state containment for third-order MASs is spec-

ified by € 1&' 15 15 15 ls !
e = — = — = - = - L= - = -
Y €71 &2 7573 574 T s 1> E76 e
5—15—15—5 15—15—15—1
8]_()’ 82_67 83_3’ 84 g’ 85_8’ 8()_12’ 91_47
€ —15 —18 —18 —15 =

92 = 75803 = 75804 = 7,805 = 75 €96 = T

Figure 4 shows the state snapshots of nine agents, where the
states of the leaders and followers are denoted by red and blue,
respectively. The imaginary line is shown to demonstrate the
convex combination, and the black pentagram denotes the state
of the formation reference. Figure 4 indicates that the leaders
achieve the desired formation and the followers converge to the
convex hull formed by the leaders.

Figure 5 displays the time-varying formation error within
t =50 s. As shown in Figures 6 and 7, all the followers can
acquire the leaders state and the containment errors can con-
verge to zero. From Figures 2-5, one sees that MASs with time-
varying delays and switching interaction topologies achieves the
desired formation-containment.

5 | CONCLUSION

Formation-containment problems for general linear MASs with
both communication delays and switching interaction topolo-

FIGURE 4
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gies were studied. The target of the leaders was to achieve
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