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Formation-containment control for general linear multi-agent systems
with time-varying delays and switching topologies

Shiyu Zhou, Yongzhao Hua, Xiwang Dong*, Qingdong Li, Zhang Ren

Abstract— Formation-containment control problems for gen-
eral linear multi-agent systems with time-varying delays and
switching topologies are studied. The leaders are required to
accomplish a given time-varying formation and the followers
are allowed to enter the convex envelope spanned by those
of the leaders simultaneously. Firstly, formation-containment
protocols based on distributed state observer with switching
interaction topologies and time-varying delays are presented for
leaders and followers respectively, where an edge-based state
observer is presented for each follower to estimate the whole
states of all the leaders under the influences of switching in-
teraction topologies and time-varying delays. Then, formation-
containment problems are transformed into asymptotic stability
problems. Furthermore, an algorithm to determine the gain
matrices in the protocols is given based on linear matrix
inequality technique and common Lyapunov-Krasovskii sta-
bility theory. Sufficient conditions for multi-agent systems to
achieve formation-containment under the designed protocol
are proposed. Finally, numerical simulations are provided to
demonstrate theoretical results.

Index Terms— Formation-containment control; general lin-
ear multi-agent systems; time-varying delays; switching topolo-
gies

I. INTRODUCTION

In recent years, cooperative control of multi-agent systems
(MASs) has been widely applied in different fields. Its
research field could be divided into different categories,
where consensus control [1], [2], formation control [3],
[4], containment control [5], [6], and formation-containment
control [7] are four branches of the most attracted ones.

Formation control problem is a fundamental problem and
has been studied a lot during the past decades. With the
extensive study in consensus-based theory[8], [9], more and
more researches try to use consensus-based methods to solve
the formation problems. However, in order to meet the prac-
tical environment such as the congestion of the interaction
channel and communication range constraints, communica-
tion delays and switching topologies emerge. By using the
state information of each agent and neighboring agents, Dong
et al. in [10] constructed a protocol for general-linear MASs
with time-varying delays. Using local information of the
neighboring agents, Xiao et al. in [11] proposed an ideal
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protocol to solve the time-varying formation control problem
for MASs with both time-varying delays and switching
interaction topologies, which means formation control has
been studied in a more practical field.

In containment control problem, agents are classified into
leaders and followers. The aim of containment control is that
followers are required to converge to the convex hull spanned
by the leaders. Ji in [12] proposed a hybrid ‘“stop-go”
control strategy for first-order MASs to achieve containment.
Containment problems with time-varying delays or stochastic
topologies were discussed in [13], [14]. However, in contain-
ment control, there is no interaction among the leaders. In
some practical scenarios, the leaders are allowed to achieve
a desired formation and and the followers should enter the
convex envelope formed by the leaders. Based on formation
control and containment control, a more interesting research
named formation-containment problem arises. Time-varying
delays on formation-containment control were considered
in [15]. Therefore, formation-containment problems under
the influence of both time-varying delays and switching
interaction topologies are still open.

Motivated by the above facts, formation-containment con-
trol problems for general linear MASs with time-varying
delays and switching interaction topologies are investi-
gated. Compared with the previous researches on formation-
containment, the new contributions of this paper are twofold.
First, formation-containment control can be accomplished
with both time-varying delays and switching topologies for
general-linear MASs. In [15], only time-varying delays are
considered. Second, due to the dynamic characteristics of the
leaders and the impact of the formation on the followers, the
formation-containment control problem cannot be directly
decoupled into the formation control and containment control
problems. In contrast to formation control problems in [10],
[11], the states of the followers are able to stay in the convex
envelope formed by leaders. While in [7], [14], they only
studied the containment control problems. The difficulty of
formation-containment control is greater than the sum of the
above mentioned formation and containment control.

Throughout this paper, I represents an identify matrix
with appropriate size. ® denotes Kronecker product. I is
used to describe a column vector with 1 as its element.
diag{D1,--- ,Dn} is used to present a diagonal matrix.

II. PRELIMINARIES AND PROBLEM DESCRIPTION

In this section, the basic graph theory is given and the
statement of problem is proposed.
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A. Preliminaries

A weighted undirected graph G can be represented by
{V,T,W} , where V. = {v1,va,---un} is a set of
nodes, T' C {(v;,v;) : v;,v; € V'} is the set of edges, and
W = [a;;] € RV*N is a weighted adjacency matrix.
Let e;; = (v;,v;) denotes the edge of G and w;; denotes
the nonnegative element with ej;;. Define w;; > 0 if
and only if e;; € T and w;; = 0 otherwise. N; =
{v; € V : (vj,v;) € T} is the set of neighbors of node v;.
The Laplacian matrix L is defined as L = D — W ,
where D = diag {E;\le Wiy, Zjvzl woj, - ,Z;»Vzl wNj}.
A path from node v;; to v, is a series of ordered edges
(Uil,viz), (’UZ‘27’Ui3>, s, (vik,l,vik). The definition of
undirected graph is that v;; € T implies v;; € T and
w;; = wj;. The undirected graph is said to be connected
if there is a path between any distinct pair of nodes.

Definition 1: An agent is called a leader if it has no
neighbors and a follower if it has at least a neighbor.

Assumption 1: Each switching topology Gf(t) among the
followers is connected and undirected.

Assumption 2: There exists at least one follower which
has access to all leaders’ states at each possible graph.

Lemma 1: ([17]) If G is connected, then L has a simple
0 eigenvalue with 1 / V/N as its right eigenvector, and all
the other eigenvalues are positive.

The index set of all the switching graphs is represented
by H = {1,2,--- ,h}. There exists an infinite sequence of
non-overlapping time intervals [y, tg+1) with tg = 0, ¢t —
tx+1 = Ty > 0. Ty is said as the dwell time, during which the
graph keeps fixed. The graph changes at switching sequence
ti+1- Leto(t) : [0,00) = {1,2,--- ,h} denotes a switching
signal. G,(;) and Ly(;) represent the graph and Laplacian
matrix at ¢. Let Lf , and Lf ) denote Laplacian matrix
among the followers and leaders.

B. Problem description

Consider a MAS with M leaders and N
followers. Let Op = {1,2,---,M} and Op =
{M+1,M+2,--- ,M+ N} denote the leader set
and follower set, respectively. The dynamics of the ith agent
can be expressed as

#:() = Azy(f) + Bug(t) i € O M

where z;(t) and u;(t) (¢ € Op) are the state and control input
of the ith leader, x;(t) and u;(t) (i € OF) are the state and
control input of the ith follower.

Definition 2: A time-varying formation is specified by
he(t) = [RF@),hL (), - ,hT,(t)] € RM". Leaders in
MAS(1) are said to realize time-varying formation hg(t) if
there exists a vector-valued function 7 (¢) € R™ such that

Jim (2 () =7 () = hi () =0 (i =12+, M) ()
Where r (¢) is called a formation reference function.

Definition 3: MAS described by (1) is said to achieve
state containment if there exist nonnegative constants

pij (i € Op,j € Og) satisfying Z;\il pij = 1, underlying
any bounded initial states, such that

M
tlggo (l‘z‘(t) - Zj:l PijZ%j (ﬂ) =0 3)

Definition 4: MAS (1) is said to realize formation-
containment if for any give bounded initial states, there
is a vector-valued function r(t) € R"™ and nonnegative
Pij (Z €Op,j € OE) satisfying Z;Vil Pij = 1 so that for
any 1 € Op and j € Og (2) and (3) hold simultaneously.

Consider the following formation-containment protocol
with time-varying delays and switching topologies.

for i € Of

(173 (t) = Klzi (t) + Kg Z Wi [(ZJ (t — T (t))
IENG (1) 4)

—hj (t =7 (1)) = (2 (t =7 (1)) =hi (t = 7 (¢)))]

for i € O

Mo
ui (t) = Kax; (t) — Ky Zl pii€i.5(t)
=

1) = (I  (A+ BE))&() .
K [0 (G- @) -2 -r)) O
M+N ]

+ o wallt — (1) — &t —7(1))

k=M+1

where fi(t) = [ ij:l(t)’ Z2(t)a U ’g;‘l:M(t)]T with fi,j(t)
representing the ith follower’s estimate for the state of
jth leader. 2(t) = [2L(t),22 (), - ,2L,®))". Ki(i =
1,2,3,4,5) are the constant gain matrices. p;; is the prede-
fined nonnegative constant satisfying E;Vil pij = 1, and the

nonnegative bz(t) > 0 if and only if follower 7 has access
to all leaders® states at ¢, otherwise b7") = 0. 7(t) is the
time-varying delay.

Assumption 3: 0 < 7(t) < o and |7(¢)| < 0 < 1, where
o and ¢ are known constants.

The following lemmas are useful for analyzing the
formation-containment problem.

Lemma 2: ([18]) Let n(t) € R2? be a vector-valued
function with first-order continuous-derivative entries. The
following integral inequality holds:

— [y 17 () Sii(s)ds

ML+ M —MT+M
O I v OB
T
070 A | 57 bR
2

where My, My € R??, S=S5T > 0, ¢(t)=[nT(t),nT(t —
7(t))]T, superscript * is an item derived from symmetry
—M;+M7.

Let Hy) = By + L7, o(t) € {1,2,--- ,p}, where
B4 is a diagonal matrix which diagonal element is O or 1.

Lemma 3: ([11]) If each switching topology Gf(t) is
connected, then the symmetric matric H, ;) at ¢ associated
with Gf ) is positive define.
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Let, A\, = min{)\i(t)}, Ay = max{/\i(t)}, o(t) €
{1,2,---,p}, )\ff(t) is the eigenvalue of real symmetric
positive definite matrix.

Lemma 4: ([11]) For any 4, o(t) € {1,2,--- ,p}, @fr(t) =
Py + )\Z;T(t)¢1 < 0 if and only if 0, = &y + 5\7;@1 <0
(1€ {1,2}).

In the current paper, the following two problems for
MAS (1) with time-varying delays and switching topologies
are investigated. First, how to design the protocols and
state observer. Second, under what condition the formation-
containment can be achieved.

III. MAIN RESULTS

In this section, a novel formation-containment control
framework is put forward to handle MASs with time-
varying delays and switching interaction topologies. Firstly,
the formation-containment are transformed into asympotic
stability problems. Secondly, an Algorithm is proposed to
design the protocols and state observer. Finally, the stability
of the system and the convergence of observing are proved.

The Laplacian matrix L,y is given as

0
Ly 0 ]

Lyw =

a(t) o(t)

where Lft € RMxM, LaFg € RV*M and Lft S
Under protocol (4) the dynamic of closed-loop of leaders’

can be described

Z(t) = (Im @ (A+ BK1)) 2 (t)
(Lg(t) ® BKg) ((t—7 () —h(t—7(t)

RNXN

)

Under protocol (5) the closed-loop of followers’ can be
written as
M ~

Jj=1

&ilt) =

Let & ;(t) = & j(t) — z;(t) denotes the observing error
between ith observer and jth leader. Then (8) could be
rewritten as follows

B(0)=(A + BEy)ai(t) - BEy 32 piyis (1)
o - ©)
— BEy Y pigz(t)

Let 5(1) = =(f) — hi(D)(i€0p). 2() =
(2L (t), 23 (t),---z3; (¥)]" . It follows from (9) that
é(t) = (I ® (A+ BKy)) 2(t)

— (L2 @ BE) 2t -7 (1) (10)

+ (I ® (A+ BE1) h () = (Inr ® L) b (t)

I,)Z(t) , then the leaders’ system can be divided into two
parts.
6(t) = Ab(t) - ﬁ(Tm)h()
+ (15 ® (A + BE) h(t) an
o(t) = (Ins— 1®A)~ o()
— (0" LU @ BE2)o(t — 7(t)) (12)

+(UT ® (A+ BE1))h(t) — (UT @ L,)h(t)

Where A=A+ BKj.
Lemma 5: [16] The leaders of MAS (1) achieve the time-
varying formation specified by hg(t). If and only if

Jim () = (13)

An Algorithm with five steps is proposed to design the
protocols and observer.

Algorithm 1. For MAS(1) to achieve the formation-
containment, K;(i = 1,2,3,4,5) can be designed in these
steps.

Step 1: Choose suitable K; to assign the eigenvalue of
A+ BK; at the closed left-half complex plane. If (A, B) is

controllable, we always have an appropriate K.
Step 2: Solve LMI (14). If there exist positive symmetric
matrices Rg, 0g, Sg and real matrix Ko for any )\E(z =

1,2) , LMI (14) is feasible, the gain matric Ky = KoQ~ L.
otherwise , the Algorithm stops.
211 ZE12 Zi3 0 Re
_ * 522 523 O'SE O
[I&H =] = =+ —oSs 0 0 <0 (14)
* * * —oSE 0
* * * * —QF
where
=11 = REAT:&- AF_EE - XZE(BKQ) — S\F(BKQ)T - (1-96)QEg,
Ei12 = Rg *N/\iEBKZ —(2-90)Qg,
Z13 = oRp AT — oMF(BK>)7,
Zoo = —(3-0)Qg,

23 = —0AP(BK»)T,

Step 3: Choose suitable K3 to assign the eigenvalue of
A+ BKj3 at the left-half complex plan.

Step 4: Choose the suitable K4, following the equation
K4=K3 — K;.

Step 5: Solve LMI (15). If there exist positive symmetric
matrices Rp, Qp, Sp and real matrix K5 for any AH(z =

1,2), LMI (15) is feasible, the gain matric K5 = K5Q; ;
otherwise , the Algorithm stops.
i1 Z12 Eis 0 Rr
B * Zo9 =23 O'SF 0
[[6H =] = * —oS- 0 0 <0 (15)
* * * —0oSF 0
* * * * —QF

where

=1 = RFAIT:_Jr f:lFRF — MK -
= Rr = \[Ks5 — (2-6)Qr,
oRr AL — o AEKT,

N'KS — (1= 0)Qr,

[1]

©
|

1

[1]

Let U = [ty,%s,- - ,Up] be an orthogonal constant -8~ 550
matrix, where @; = 13;/v/M , then form Lemma 1, one ;zj ~ 7((75\;[—()TF’
. ~ - - D23 = —O0A; K5,
could get UTLE U = diag(0, UTNLUE(OU) . where U = A
[, ,up]. Let 0(t) = (] ® I,,)2(t) and ¢(t) = (UT @
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Based on the Algorithm 1, the following Theorem can be
obtained.

Theorem 1: Using the protocols (4) and (5) designed
by Algorithm 1, MAS described by (1) with time-varying
delays and switching topologies can achieve the formation-
containment if the following time-varying formation feasi-
bility condition holds

(A + BEy) (h (t) — by () — (h (t) — hy (t)) =0 (16)

Proof:
Step 1: The leaders can achieve the desire formation.
Based on Lemma 5, let ¢(t) = (Inj_1 @ A)p(t) —
(UTLg(t)f]@BKQ)QO(t—T(t)) denotes the switching system,
then ¢(t) can be written as follow:

o(t) = ¢ () +(OT @ (A+BEK)h(t)— (U @L,)h(t) (17)

Construct the following common Lyapunov—Krasovskii
candidate function

VE(t) = VE1(t) + VEa(t) + VEs(t) (18)
where
VEl() T (t) (In-1 @ Rg') o (1),
Vit ft ) ¢T (s) (Inr—1 © QpY) o (s) ds,
Vis(t f_ j;f.!,_# > (s) (In—1 ® Sg') @ (s)dsdp.

Let A, = dwg(/\a(t) )\U(t),~-~ ,/\U(t)) , as we men-
tioned that U7 LE (t)U is symmetric, therefore , it is pos-
sible to find an orthogonal matrix Ug(t) which satis-
fying that (]'UT(t)ﬁTLUE(t)ﬁU'U(t) = Af(t). Let n(t) =

(OZy o L) o) = [ (0).0F @),y (1], and
0 (t) = [nl (t),nf (t—T(t))]T, then taking the time

derivative of Vg (t) along the trajectory of (18),one has

~ M Ry 'A+ ATRp™*
V(= i (| o AT AT
= 1 (19)
Nohe 'BKs |
0 UB

From the Assumption 3, one gets

Via(t) < 07 (8) (Tr—1 @ Q1) (1)
—(1=8)n" (t =7 () (In1 @ Q5" ) n(t—7 (1))
Moo Q5! 0 R
SUCY N S
(20)
Let w; = [[1, — )BK3:| based on Assumption 3 and
Lemma 2, one has

a(t

. _ ME + M
Vs (1) <Z77 ()(wiTSElwrf-([ 1: '

VRN M o .
,MlT M2 :| +o |: M;T :| SEl [Ml’M2]) ni(t)
2n
Let My = —R,', My = Q", it can be obtained that

(22)

where

_p-T
Z;, =T; + JwiTSElwi +o { QEBE } Sgl [*REl,szl] ,
o _ [ Tin '+ Ry! )\;(t)RngKg
: x —(3-6)Q5" ’

T = —2R;' + Rz'A + ATR; + Q5"

Based Schur complement lemma [19], it can be concluded
that Z; < 0 is equivalent to ¥; < 0

T, ow! o] -R;' -0 ]
U= | = oSg! 0 <0
* * —USIE1
[ Rz 0 .
Let I'= [ Qp Qp ], and I'=diag {T, I, S}, one gets
B B 71T, aFTwiT O'[ 0 Sg ]
FTi/)iF: * oSg 0
* * —0Sg
According to  Schur complement lemma [19],
[IN) < 0 are equivalent to [J(\,) <
06@=23,---,M,0(t)=1,2,---,p), from (I18) to

(22), one has tlim w(t)=0.
—00
If (16) holds, it can get that,

(Lo(t (A + BKl)) hE ( ) (La(t) ® In> hE (t) =0
. 5 (23)
Substituting Lo(t) = Udiag(0, UTLUE(t)U)UT into (23) and
then pre-multiplying the left and right of (23) by U? ® I,,,
it has

((UTLf(t)U) ® 1) [(UT & (A+ BEY)) hi (1)

~(UT®L,) hg (t)} =0 &4

Since U TLf(t)U is invertible, it could pre-multiply the
-1
both sides of (24) by (UTLE(t)U) ® I,,, one gets

(UT @ (A4 BK1)h(t) — (UT @ I,)h(t) = 0

Therefore, based on Algorithm 1, The leaders in MAS (1)
achieve time-varying formation specified by hg ().

Step 2: The followers can converge to the convex hull
spanned by the leaders.

(25)

Let &(t) = &(t) — z(t). It can be verified from (5) that
£(1) = (I @ (A+BKg)) &(t) — K5 [ V& (t - 7(1))
M+N - ~
+ Y wa(G-r®) =&t - mr»)]
k=M+1

+LE, ® BEaZ (t — 7 (t))
. (26)
Let o(t) = ,éﬁ(t)] , then (26) could
be rewritten as
$(t) = (In ® A)s(t) — (Hoy ® Ks)s (t —7(1))
+In © (L, ® BK:Z(t -7 (1))

.,

27)
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where Ho(y = By + LY. Bow=diag [b 7 po®

R AN

Consider the stability of system (27). Because

lim (L ) ©BEoE(t— 7 (t))) =0, according to [16],
the stability of system (27) is equivalent to (28).
S(t) = (In ® A)s(t) = (Hoy @ Ks)s (t = 7(t))  (28)

By a similar analysis as for system (17), system (27) is
asymptotically stable, which means that the state observer
can estimate the state of leaders.

Let containment error Z; (t) = x;(t) — E piizj (t).
j=

Based on the Alogrithm 1, Ky=Kj3 — K 1 and
lim (Zz(t—7()—2%,(t—7(t))) = 0, it follows
— 00

form (7) and (9) that

M
—BEy Y piilii(t)  (29)
j=1

From Algorithm 1 and (28), the gain matrix
K3 is chose to make A + BTKg Hurwitz. Since
E(=[E (1), &, (1), &Ly ()] implies lim 7, (1)
=0(j=1,2,---,M). Therefore, tli)m Z; (t) = 0, which
means MAS(1) can achieve formation??:ontainment control
under switching interaction topologies and time-varying
delays. This completes the proof. [ ]

Remark 1: In [7] and [14], formation or containment
control problem with both time-varying delays and switching
topologies are studied respectively. From Theorem 1 and
Algorithm 1, one sees that MAS can achieve formation-
containment with both time delays and switching interaction
topologies, which means the proposed approach in this paper
is more versatile.

z; (t) = (A+ BK3) % (t)

IV. NUMERICAL SIMULATIONS

In this section, a numerical simulation is given to demon-
strate the effectiveness of theoretical results obtained by the
previous section.

Consider a third-order MAS with four leaders and three
followers, where the dynamics of each agent is presented by
(1) with

-3 1 =3 0
A= 0 0 1 |,B=1]0
-2 -4 -6 1
Suppose that 7 (t) = 0.05 4+ 0.01cos (t), Fig.1 shows
the interaction topologies with 0-1 weight. Suppose that
interaction topologies are randomly chosen form Fig. 1 with
interval T,; = 10s.
The time-varying formation is specified as follows:

15 sin (t + =l
15 cos (t 4+ =br 1)Tr
~15sin (¢ + %)

hi () = (i=1,2,3,4)

(@) G1

(b) Go

Fig. 1: Switching topologies

From h; (t) (i = 1,2,3,4), it can be obtained that if the
formation is achieved, the four leaders will locate at the four
vertices of a square respectively, and keep rotation with an
angular velocity of 1rad/s.

According to Algorithm 1, K; can be chosen as
[ -3 3 1] and the eigenvalues of A+BK; are be
specified at —8, j and —j. Choose K3 = [ 2 2 3 |
to place the eigenvalues of A+BKj3 at —1, —2 and —3.
K,= [ 5 —1 2 }, using Step 2 and Step 5 in Algorithm
1, K5 and K5 can be given as follow:

Ko=[ —0.6995 0.2506 0.2901 ]

0.1099 0.0819 —0.3413

Ky=I, ® 0.0756  0.4368  0.0607

—0.3723 0.0165 —0.1862
The  initial state  vectors of four leaders
and followers are described by  z;; (0) =
3(0-05) (i=1,234;=1,23) : 2,0 =
3(6-05) (i=5,6,7;7=1,2,3), where © 1is a

pseudorandom value with a uniform distribution on the
interval (0,1).
The desired state containment for third-order MAS is

spec1ﬁed by P51 = g, P52 = 5, P53 —11, P54 :1%, P61 = %,
Pe2 = ? = 1> Pes = 5
6"

— _ _ 1
12,971—2 P62 = 5> P63 = § >

(a) t = 36s

(b) t = 48s

Fig. 2: Snapshots of seven agents (t = 36s;¢ = 48s)

Fig. 2 shows the state snapshots of seven agents, where the
state of leaders and followers are denoted by different colors.
The black pentagram denotes the state of the formation
reference. Fig. 3(a) denotes all the followers can acquire the
leaders’ state. Fig. 3(b) displays the time-varying formation
error and containment error within ¢ = 50s. Form Fig. 2-3,
one sees that MAS with time-varying delays and switch-
ing interaction topologies achieves the desired formation-
containment.
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formation-containment error

(a) state observers’ errors (b) system errors

Fig. 3: Curves of formation-containment control errors

V. CONCLUSIONS

Formation-containment control problems for general linear
MASs with time-varying delays and switching interaction
topologies were studied. Based on consensus approaches,
a formation-containment protocol was proposed. Then, an
Algorithm was presented to obtain the constant matrices in
the protocol. Using LMI technique and Lyapunov-krasovskii
stability theory, the stability could be proved. Simulation
results showed that the practical results were effective for
formation-containment problems with both time-varying de-
lays and switching interaction topologies.
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