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Abstract—In this article, the fixed-time formation-containment
tracking (FXFCT) problem is addressed for heterogeneous multi-
agent systems (HMASs) under a directed interaction topology.
Agents are divided into a reference leader, providing a trajectory
for the entire HMASs; formation-leaders, achieving the desired
formation by following this trajectory; and followers. Novel
distributed fixed-time observers are developed for the formation-
leaders and followers with the directed interaction topology,
respectively. Distributed fixed-time control protocols are then
proposed for the formation-leaders and followers using the
coordinate transformation methods, eliminating the restrictive
but commonly adopted full-row rank assumption of agent input
matrices. It is shown that under the proposed control protocols,
the concerned FXFCT problem can be solved. Simulations verify
the effectiveness of the obtained theoretical results.

Note to Practitioners—Fixed-time cooperative control of
HMASSs, e.g., autonomous aerial vehicles (AAVs) and autonomous
ground vehicles (AGVs), enables rapid execution of complex
collective tasks, efficient resource allocation, and improved op-
erational efficiency. Such capabilities are particularly relevant
to applications in logistics, energy management, and smart
agriculture, where time-critical coordination delivers significant
social and economic benefits. As a unified cooperative control
framework, the formation-containment tracking (FCT) prob-
lem encompasses several classical problems, such as consensus
tracking, formation tracking, and containment control. Solving
the FCT problem therefore provides a comprehensive solution
that addresses multiple coordination objectives simultaneously,
making it particularly relevant for complex real-world missions
that require hierarchical coordination in HMASs.

This paper addresses the FXFCT problem for HMASs under a
directed interaction topology. We develop novel distributed fixed-
time protocols that integrate distributed fixed-time observers
and controllers for both formation-leaders and followers. For
practitioners, a key practical advantage lies in an explicit, a
priori computable upper bound on the convergence time that is
independent of initial conditions, enabling predictable, deadline-
aware mission planning. In addition, directed communication
and the removal of restrictive full-row rank assumptions on
agent dynamics alleviate communication overhead and improve
practical applicability to heterogeneous platforms.
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I. INTRODUCTION

In recent years, cooperative control of multi-agent systems
(MASSs), such as consensus, containment, and formation, has
drawn considerable attention from various research fields, see,
e.g., [1], [2], [3], [4], [5]. Consensus control, a fundamental
topic of cooperative control, can generally be divided into
leaderless consensus control [6], [7], [8] and leader-following
consensus control [9], [10], [11], [12], [13]. In scenarios
involving multiple leaders, a typical topic is the so-called
containment control problem. The goal of containment control
focuses on developing control protocols that allow followers
to converge into the convex hull spanned by the leaders.
Several related results on this topic have been reported in [14],
[15], [16], [17], [18]. However, these existing results typically
assume the leaders do not interact or coordinate with each
other.

Another typical topic in cooperative control is formation
control, whose objective is to steer the entire MAS to form
a desired shape. Numerous studies have been reported in
the literature addressing the formation control problem, see,
for instance, [19], [20], [21], [22], [23]. Several works have
further investigated formation-tracking control for first- or
second-order MASs [24], [25], homogeneous MASs [26], [27],
[28], and heterogeneous MASs [29], [30], [31], in which
agents are required to achieve a desired time-varying formation
(TVF) while tracking a reference trajectory. When formation
objectives are combined with containment requirements, the
resulting problem is referred to as formation-containment
control. In this setting, leaders are required to achieve a TVE,
while followers should converge to the convex hull spanned by
the leaders. Recent results on formation-containment control
are reported in [32], [33], [34], [35]. In addition to this
leader—follower structure, practical applications often require
tracking capabilities. Consider, for instance, the air—ground
cooperative navigation scenario illustrated in Figure 1, where
multiple AAVs serve as formation-leaders, maintaining a TVF
while tracking a reference trajectory toward the destination.
Meanwhile, AGVs act as followers and are steered to stay
within the convex hull formed by the AAVs to ensure coordi-
nated motion and safety during navigation. These requirements
motivate the study of FCT, which has received increasing
attention (see, e.g., [36], [37], [38]).

It is noted that most of those works mentioned above
are based on asymptotic or exponential stability theorems,
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Figure 1. The schematic of air—ground cooperative navigation.

implying that the consensus is only achievable as time ap-
proaches infinity. However, these results might not be enough
for some practical applications, especially when finite-time
(FINy) convergence is required. Thus more recently FIN
cooperative control of MASs has attracted significant interest
[39], [40], [41], [42], [43]. Nevertheless, the upper bound
of the convergence time for FIN; cooperative control in
[39], [40], [41] depends on the initial states of agents and
could grow unbounded as the initial state moves further from
the equilibrium point. To address this limitation of FINy
convergence, the concept of fixed-time (FIXy) convergence
was first introduced in [44], which allows the convergence
time to be upper bounded by a constant independent of the
initial conditions. Following this concept, some effort has been
devoted to the FIX; cooperative control problems, see, for
example, [45], [46], [47], [48], [49], [50], [51]. In particular,
the FXFCT control problem for HMASs was investigated in
[51], where the interaction topology was assumed to be undi-
rected and a restrictive full-row rank assumption concerning
the input matrices of the followers was implicitly required. In
fact, to the best of our knowledge, the FXFCT control problem
of HMASSs under directed interaction topologies without the
restrictive assumption is still open, which motivates this study.
The main contributions of this work are three folds:

1) Unlike [48], [49], [50], [51] where the FIX; cooperative
control problems with undirected or strongly connected
interaction topologies are considered, more general
HMASs with a directed interaction topology are studied
in this work. Noting that the Laplacian matrix of the
directed graph is asymmetric, novel distributed FIX;
observers and stability analysis methods are developed
in this work. It is shown that the proposed methodology
is effective in dealing with the directed graph to achieve
the desired FXFCT.

2) Different from the existing FXFCT control scheme for
HMASs [51], which implicitly imposes the full-row
rank condition on the input matrices of the agents, this
work eliminates this restrictive assumption by designing
novel FIX; formation-tracking and containment proto-
cols based on coordinate transformation methods.

3) In contrast with the works on FIX¢ formation tracking
control or containment control of MASs [46], [47], [50],
the FXFCT control problem is more challenging, as
it requires formation-leaders and followers to achieve
both formation tracking and containment in a fixed time
simultaneously.

Notation: Let I,, be the n-dimensional identity matrix and
® represent the Kronecker product. A diagonal matrix with

diagonal entries ki,...,k, is denoted by diag{ky,...,kn}.
|| -] and || - ||, represent the Euclidean norm and g-norm of
vectors, respectively. Given a vector A = [ay,...,a,] € R",
define sign®(A) = [sign(a1)|a1l®, ..., sign(a,)|a,|¢] , where
¢ > 0 and sign(-) stands for the sign function. The distance
from A to set S is denoted by dist(A,S) = infycs || A —
z||. The operators min(-) and max(-) are used to obtain the
smallest and largest elements of an array, respectively. For a
finite point set P = {p1,...,pn}, its convex hull is defined
as CO(P) = {Z?:l lipilpi ePl;,eR,l; >0, E?:l l; = 1}.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Preliminaries

Let G = (O, €&, Q) represent the digraph among the MAS
under consideration, with the set of nodes O = {1,--- ,m},
the set of edges £€ C O x O, and the weighted adjacency
matrix Q = [w;;] . with w;; >0 (j,7) € € and wi; =0
otherwise. A spanning tree is a digraph in which at least one
root node has a directed path to all other nodes. The Laplacian
matrix £ = [l;;]mxm associated with digraph G is defined by

—Wij, ) 7é j, and lij = Z?;lwij. Let M = {] €
i) € £} denote the set of neighbors of agent i.

lij =

01,

B. Problem formulation

In this paper, we consider a HMAS with A/ formation-
leaders and N followers whose dynamics are described by:

&; (t) = Az (t) + Biu,(t),
y, (t) =Ciz; (t), i=1,...,M + N,

where x; € R™, u; € R™, y;, € RP represent the state,
control input, and output of the i-th agent, respectively, A;,
B;, and C; are the system matrices of agent ¢ satisfying
rank(B;) = m;.

The dynamics of the reference leader are described by:

l‘o(t) = Agl'o(t),
yo(t) = Coxo(t),

where o € R™ and yo, € RP represent the state and output
of the reference leader, Ay and Cj are the system matrices of
the reference leader.

According to [36], [37], within the framework of FCT
control, the agents are categorized into three types based
on their specific roles and task requirements: the reference
leader, formation-leaders, and followers. The reference leader
is responsible for providing a reference trajectory for the MAS
under consideration. The formation-leaders, whose neighbors
are only leaders, are tasked with forming a TVF while si-
multaneously tracking the trajectory provided by the reference
leader. The followers are required to converge to the convex
hull spanned by the formation-leaders.

Let Op = {1,...,M} and Of = {Ny,...,Ny} with
N, =M +ifori=1,...,N be the sets of the formation-
leaders and followers, respectively. The Laplacian matrix can
be written as follows,

(D

2

0 O1xmr Oixw
L= L. Lrr Omxn|, 3)
Onx1  Lrr Lp
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where L € RMXl, Lrr € RMXM, Lrp € RNXM, and
Lr € RNVXN,

The piecewise continuous differentiable TVF vector
hy;(t) € RP is generated through the system given by

hyi(t) = Crhgi(t), i € Oy, @

where h,; € R!, Aj; and C}, are matrices with compatible
dimensions.

Remark 1. In (4), hy;(t) is an auxiliary state used to gen-
erate the desired formation vector, while hy;(t) = Cphg;(t)
denotes the corresponding desired output formation vector.
Specifically, for each formation-leader, h,;(t) describes its
relative offset with respect to the reference output yo(t). By
properly choosing Ay, and Ch, equation (4) can describe dif-
ferent formation patterns, such as time-invariant and rotating
formations; see, e.g., [26], [38].

This paper aims to address the problem as formulated below.

Definition 1 (Fixed-time formation-containment tracking
(FXFCT) problem). Given the HMAS consisting of (1) and
(2) under a digraph, find a distributed control protocol for
each formation-leader such that

B (y;(8) = hyi(t) = yo(t)) =0, Vi€ Op, (5)
and a distributed control protocol for each follower such that
thnjl, dist (yl(t)a CO(yj (t)vj € Ofl)) =0, Vi e Of7 (6)

-

where T' > 0 denotes the convergence time that is independent
of the initial states of the concerned MAS.

III. MAIN RESULTS

This section presents the main results of this paper. To
proceed, the following assumptions are put forward.

Assumption 1. The reference leader is globally reachable to
formation-leaders in the interaction topology.

Assumption 2. For each follower, there is at least one directed
path from one formation-leader.

Under Assumptions 1 and 2, the following two technical
lemmas can be obtained.

Lemma 1 ([6]). Under Assumptions 1 and 2, all eigenvalues
of Lry and L have positive real parts, —EEI,CFF is
nonnegative, and —,C;lEFFlM =1xn.

Lemma 2 ([52]). Under Assumptions 1 and 2, there exists
positiye diagonal matrices Gy, and G, such that GppLpp+

L:;LGFL > 0 and GFEF +£;GF > (.

Let Apr, min > 0 and Apmin > O be the smallest eigenvalue
of GFLﬁpL + AC;LGFL > 0 and Gpﬁp +£EGF > 0, re-
spectively. Moreover, define Grr, = diag{gs,,...,gfi } =
7/\35” and Gp = diag{gs,.... 9/} = 72FGF, where
gr, > 0, 1 € Ofl, and 95 > 0, 7 € Of. Then,
via Lemma 2, one has GrprLrr + E;LGFL > 2l and
GpLp + E;GF > 2ly.

In addition, the following standard assumptions are also
made.

Assumption 3. For any i € Oy U Oy, (A4, B;) are control-
lable.

Assumption 4. The regulator equations,

0=C;=Z; — Cy, (7b)
have solution pairs (2;,T;) for all i € Oy U Oyy.
Assumption 5. The linear matrix equations,
EniAn =AiZph; + Bil'pg, (8a)
0 =C;Zp; — Ch, (8b)

have solution pairs (Zp;,'y;) for all i € Of U Oy,

Remark 2. Assumptions 4-5 are necessary for achieving the
FCT as in [36], [37], [51]. As detailed in [53], the regulator
equations (7) can be solved if rank {Ai _CAI" %’
holds for all A € o(Ag), where o(Ay) represents the spectrum
Of A().

=n;+p

A. FIXy formation tracking control of formation-leaders

The distributed FIX; formation tracking control protocol
is designed as follows,

u; =L + Thihes + 2, (9a)

1; =Ao1; — p16; — posign™ (0;) — pgsign®?(6;),i€ O, (9b)
where 0, = Z;Vil wij (M —n5) + wio (N — o), M is the
state of the observer, ; denotes the neighboring relative
estimation error, and the parameters i1, f2, U3, i, Qo are
positive constants that will be decided later, I'; and T'y; are
the solutions to equations (7) and (8) respectively, and z; will
be determined later for achieving FIX; formation tracking.

Given that not all formation-leaders have access to the state
of the reference leader, the distributed FIX; observer (9b)
is proposed to estimate x(. Define the estimation error 7; =
M; — X0, ¢ € Oy;. Then, we will present the following lemma
on the distributed FIX; observer (9b).

Lemma 3. Consider the distributed F1X observer (9b). Let
w1, fo, p3, o, and s, be chosen such that 1y > ||Grr® Ao,
u2>0,u3>0,0<041<1,a2>a%>1.Thereisa
settling time T,, > 0 regardless of any initial conditions, such

that lim_,7, 7;(t) = 0 and 7;(t) = 0, t > T,), Vi € Oy.

Proof. Letting 7j = [i] ,...,73,]" and 0 = [6],...,07,]"
with 0; = p16; + pesign® (6;) + uzsign®?(6;), it follows from
(2) and (9b) that

7= In ®Ao) il — (Ing @ 1) 0. (10

Let § =[0],..., 0,,]". Noting that 6 = (Lpy, ® L,,,)7, it
then follows from (10) that

0= ®A)0— (Lpr ®1,,)0. (11D
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Consider the Lyapunov function candidate,

M p2gy, M3gfz
v=y (Hm

14an +

1+a

1+(X2>

+ %GT(GFL @ L, ). (12)
The time derivative of (12) along (11) satisfies
. _ 1- _
1% ZHT(GFL®A0)9— §9T (AFL®InO)6, (13)

where App, e GrrLrr + E;LGFL > 2I,s. Via Young’s

inequality, one has 07 (Grr ® Ag)f < WHQHQ +

11|0]|%. Then, one has

. 1 _
Vi < S(I1Grr ® Aol 161 — 116]%). (14)
Note that § = [9_1T,...,9_JT4}T, where 6, = 116; +
osign® (0;) + pssign®?(0;). Since p; > 0, j = 1,2,3, the

corresponding components of 6;, sign®'(6;), and sign®?(6;)
have the same sign. Therefore, the inner-product terms appear-
ing in the expansion of [|6;||* are nonnegative Then, one has
161> = 52, 1007 = oL mdl6al + S5, w3llellzer +
waluz))He ||§Z§ Since 0 < a3 < 1 and a3 > 1, by Lemma
6 glven in Appendix, one has Y2 . ||9 301 > (]|6]]*)"" and

20¢1 —
M ole]3ee > W (|16]/2)™*. Then, one can obtain
that
e (el
e

0_ 2 > 2 0 2 2 0 2 .

1017 > 3101 + 13 (100°) "+ e

Substituting (15) into (14) yields
Vi <~ (1012 + (16)2)

5)

(16)

- (101%)™)

p3=IGrL®Aoll®> u3 u3 >0
2 » 2 2(ngM)*2—1 :
1 and o > 1, via Lemma

+a
16:1 5 < pe(l6*) =" and

_ 1+
as(161%) 7=
l"3lgil&nzlax’ and gfl,max =
,9fi, +- Noting that 0 < 13521 < 1 and

> 1, via Lemma 6 and (12), one can obtain that

ag)
) , (I7)

Loy ) (18)

where cg = min

Since 0 < a1 <

M )
6, one has Y7, Fu

M .
Yim Trasleiliia: <

1—«
(et o M) 5, iy =
max{gy,, ...
2042

14+as

where f[io =

2

TFa;
Vl ScOél

(<||e| VR L(l0]2) e+ (o)) T

and
2ao

1+ag
Vl SC(M

<(|I9I )T (]| g)|2) e

207 207

Lo
where ¢, = max{(%) 1+(y] M2+a1 ’Ia1+o<1 } and co, =
_2ap 2ag ap—1
1 —TFas
max{(m)lﬂz fo % +“2} x 371, Noting that
2 a1 (14«
a < 1_?;1 < 1 and a1 < 11(+7C“2) < 9, one has

2aq a72)
(01 < o[> + ([|6]]*)** and ([|6]*)" 7= <

(617> + ([|]1*)>>. Similarly, since 1 < 2% < a5 and

oy < Qeltan) in that (]|6]2) 7 <
1 < g, =~ < ag, one can obtam that (||0|*) ™2 <
16112 + (16]12)°2 and (o)) 5" < (l6]2)™ + ([16]2)°

Then, one can obtain that

20

Vi < oy (101 + 3(]16]%)

+(01)*), 19

4
and
2ag
VT < e (11017 + 3716172 + ([6115)*) . 0)
Combining (19) and (20), one has
2a1 2a2
V11+a1 V11+a2 2 2 2
—_+ ——— < |6 0]7)*> f||7) 21
don + don, < 161"+ (lef=)*= + (lef-) 21)
Substituting (21) into (16), one has
V< - G0y 0 e (22)
b= deg, ! 4eg, '

By Lemma 7 in Appendix and (22), it can be shown that
system (11) is FIX, stable. The associated settling time
satisfies 7, < 46&%1(12?)1) 4;2(’05141(;)2) Moreover, since
o(t) = ([ZFL ® I,,,)7(t) and Lpy is nonsingular, we have
limg 7, 7;(t) = 0 and 7;(t) = 0 for ¢t > T,,. Thus, the proof
is completed. O

Then, we proceed to design the FIX; formation tracking
control component z; in (9a). Define é¢; = x; — Ei1; —
Ehihazi, © € Oy Given that (A;, B;) is controllable and
rank(B;) = m;, via Lemma 8 given in Appendix, there
exists a linear coordinate transformation Q = Tiép1;

|:<21 17"'7(21,/)17"'

1,...,m;, denotes the controllability index of fl] Then, z; is
proposed as follows,

zi = M (w

, where p;, j =

szq,lv ) C1m,,pm

— Diéfr), (23)

T .

[wil, Ceey ,wimi] with Wi =
Pj . id 2 — . Dii 2

=0l (Cij,kSIgnp]’k(Cij,k) + Cij ksign”* (G k) ), D; and

invertible matrix M; are designed as in Lemma 8, ¢;; 1, Cij k.

Dij ks and Py, J = 1,...,m4, k = 1,...,p;, are chosen

according to Lemma 9 in Appendix.

Then, the main result of this subsection is presented as
follows.

where w; = Wijy -

Theorem 1. Let Assumptions 1-5 be satisfied. Consider the
reference leader (2) and M formation-leaders (1). The FIXy
formation tracking problem described by (5) is solved under
the protocols defined in (9) and (23).

Proof. The proof of Theorem 1 includes two steps. Firstly, the
formation tracking errors are proved to be bounded in [0, T},),
ensuring that no FIN; escape occurs. Then, the formation
tracking errors are proved to converge to zero in a fixed time.

Step 1: Under Assumptions 4 and 5, one can obtain from
(1), (4), and (9) that

ef“—Aeﬂ,—&-le—i- =,0;. 24)
Note that CL = Tef“ [ 1,1 "'_'7Ci1,p1a"'7éimi,1
geeny Ciml,pm ]T. Lettlng A = EEzez = [Al‘171, ey

Aitprye oy Dimy1s e

,Azm“pmi]T, via (23), the dynamics
Oféij,j: 1,...,

m;, has the following form,
éz’j,l = éij,z + Aij1,
Ciio = Cija + Dija,
CJ’Q' CJ,S J,2 (25)

Gigips = Wij + Rijp;.
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Pj

where w;; = — Y
k=1

It is established in [54] that system (25) is bounded-input-

bounded-state (BIBS) stable when A;; = [A;;1,. .., Aijypi]T
is regarded as the input. According to Lemma 3, 6; is bounded
n [0,7;,), and therefore A;;, j = 1,...,m;, are bounded on
the same interval. As a result, @ remains bounded as well.
Since C} = T;és; and T; is nonsingular, it follows that éz; ;
is bounded in [0, T;)).

Step 2: From Lemma 3, one has 7;(t) = zo(t) for t > T;,
which implies that éﬂ,i = €fl,i = Tj — =0 — ZEpshe; and
A, =0.

Via Lemma 9, it follows that system (25) is FIX stable for
all j € {1,...,m;}. The corresponding settling time satisfies
Ty < T, + T¢, with T}, and T; defined by Lemma 3 and
Lemma 9, respectively. Given that (; = Tiey; ;, where Tj is
invertible, and er; = Cief1; = y; — hyi — Yo, it is concluded
that lim; 7, er;(t) = 0 and er;(t) = 0 for t > Ty;. O

B. FIX; containment control of followers

The distributed FIX; containment control protocol is de-
signed as follows,

u; =105 + Thigs + vs,
&; =Ago; — 16— Vasign” (¢;) —

(26a)
O3sign? (g;), (26b)

Gi =Apdi—110; —128ign”* ;) —1351gn72 (19;), 1€ Oy, (26¢)

M+N
where ¢; = > —RIJrleJ (05 = UJ) + Z] 1wm (0i —nj),
M+N
i =2 -;/[Jrl wij (¢ — d5) + Z ~1wij (9 — haj), 0 rep-

resents the state of the FIX; d1str1buted observer used to
estimate xo via the information 7;, ¢; denotes the state of
the distributed observer to estimate Co (hy;(t),j € Oy;), the
parameters ¥, Yo, U3, 21, 12, 3, S1, P2, 71, and o are
positive constants that will be decided later, I'; and I'y,; are
the solutions to equations (7) and (8) respectively, and v; will
be determined later for achieving FIX; containment.

Given that the followers cannot access the state xq, the
distributed FIX; observer (26b) is proposed to estimate x(
through the information 7); in (9b). Additionally, as the TVF
vector hj, 7 € Oyy, is accessible only to part of the followers,
the distributed FIX observer (26c) is proposed to estimate
Co (hgj(t),j € Oy). Define the estimation error &; = 0; — o,
i € Oy. We present several technical lemmas related to these
distributed observers (26b) and (26¢) as follows.

Lemma 4. Suppose Assumptions 1 and 2 hold. Consider the
reference leader (2), the distributed observer (9b), and the
distributed observer (26b). Let 91, ¥, V3, (31, and B3, be
chosen such that 91 > ||Gr® Ao,
1, By > é > 1. There is a settling time T, > 0 regardless
of any initial conditions, such that lim;_, 1 &;(t) = 0 and
Gi(t)=0, t>T,, Vie Oy

Proof. The proof is to be accomplished via the following two
steps.
Step 1: Boundedness of o; in ¢ € [0,T},).

(Cij,kSigﬂp"’j”“ (Cijok )i psignP i ((fij,k))-

5
Letting 0 = [0, 1,--.,00.n]" and € = [Gluq,-- o,
T ) . :
Shran]  Wwith G = Y16 + Vasign™ (¢;) + Jssign(q;), it
follows from (26b) that

=(In®Ag)o— (Iy ®1p,) <. 27)

Let 5 = [gN ,...,ggN}T
Letting ¢ = [6y41,---,004n] and ¢ =
[SN741s--->Sazen] - one can obtain from Lemma 1 that ¢ =

(Lr®Ing)o+(Lrp @Lng)n = (Lr®1n, )0 + (Lrp @In, ).
Then, via (9b) and (27), one has

¢ = (IN ® Ao) S — (L:F @ Ino) ¢— (L:FF ® 1”0)0_
Choose the following Lyapunov function candidate,
NN ([ Dagy 148
‘/221_1<1+ﬂ ‘ 1||1+5§
U
+ 2T (Gr @ 1,,)s.

2
The time derivative of (29) along (28) satisfies

(28)

‘ 1||1+/31 1939}2

1+31

(29)

. 1
Vo =" (Gp ® Ag)s — 55 (Ap ®1,,)<
-’ (GrLpr ®1p,)8, (30)
where Ar = GpLlp + KTGF > 2Iy. Via Young’s in-
equahty, one has ¢' (Gr ® Ap)s < wﬂgﬂz + 1412

and <" (GpLpp ® L, )0 < 2H§||2 + Apg, where Ay =
+(GrLpr ®1,,)0||2. Thus, V3 can be further bounded by

: Gr ® Ao|?
Va < wlk\\z +Ag <koVa+ Ay, (31
where kg = ngﬂ and g min = min{gy,,...,gfy }-

9f min
Via Lemma 31 one has 1 and consequently Aj are bounded

in t € [0,7),). It then follows from (31) that V5(¢) is also
bounded on the same interval, which means that ¢ is bounded
as well. Noting that ¢ = (Lp®1,, )0+ (Lrpr®1,,)n and LF
is nonsingular, one has o; is bounded in [0, T5,).

Step 2: FIX; convergence of 7;.

When ¢ > T),, one can obtain that 7; = 0 and Ay = 0.
Then, it can be obtained from (28) that

c=In®Ap)s— (Lrdl,,)<.

The time derivative of V5, described in (29) along the
trajectories of (32) satisfies

(32)

. 1
Vo <ST(Gr @ Ag)s — ifT (AF ® I,,) <. (33)

Noting that Ap > 2Iy and ST (GFr® Ap)s < WHQP
+1|I5]|%, Va can be further bounded by

Va < Z(|Gr @ Aol [Is]1% — [15]%) (34)

Note that * = 30,057 = 35, #flsl® +
Zim B3l + Sisy Sllilzg. Since 0 < By < 1 and

B2 > 1, by Lemma 6, one has Zzﬁ:l ||§Z||§g1 > (||<|| ) and
2
Zz 1 ||§1H222 > W (/l<]1?)". 1t then follows that

93 (Jls)2)™
(nON)ﬂQ—l :

l\D\»—A

_ B1
1517 = 9% IslI* + 93 (%)™ + (35)
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Substituting (35) into (34), one has

Va < ¢ (Il + (Isl1?)™ (36)

B
+ (Is%)*)
7 —||GF®A0H2 93

’ 2 ’2(rL0N)52 1} > 0.

1 and B2 > 1, via Lemma
+ﬁ1

where ¢. = min{=
Since 0 < [ <

N Y29y 1+
6, one ha§ S 2o <i||1+‘;1 < fi(”g” )"
7 . 1+ 2
and - S5 Gl < ds(ls?) T, where
929 max =5 5 939f max
192 - (%)(TL()N) 2 1 s 193 219'5{52 . and
Jf max = max{gys,,...,gsy }. Noting that 0 < 12_@;1 < 1 and
ffgz > 1, via Lemma 6 and (29), one then has
% 1 B ﬁl 1 /36 2)
V< e, (2™ 4P+ ), @37)

and

282

—2 +81
V7 < ep, ((||€|| )T ([o][2) 5 +(||<||2)ﬁ2>, (38)

910 28, _261 _ 281
where cg, = maX{(M)1+B1 0o 9,771 and ¢, =
289

max{(ﬂlwﬂ)12fg2 1921+B2 Rl Y 3T Noting that
B < ffé < 1 and 31 < 511(1252) < a2, one

2o} 2 L g AL0ER)
has ([[c*)™r < [[¢|* + ([[*)” and (|[c]|*) 77 <
(Isl)P + (lls]?)?=. Since 1 < ffEQ < B2 and By

(1482
ﬁZfiEf“<6z,onehas<||<||> < (ol2) + (lsl12)
2(1+87)

and (<][2) 5 < (le2)P + (le]2)P2
from (37) and (38) that

25,

. It then follows

Vo <, ([sI? + 30117 + (1), (39
and
282
Vo't < e, (I + 311 + (1)) . 40)
Combining (39) and (40), one has
281 2By
vy s 2 2\ 2\8
< 1 2). 41
2o T o < (ISPl -+ l) - @y
Substituting (41) into (36), one has
Py < - Gyt L Gyt (42)
2= 46[31 2 4652 '
According to Lemma 7 and (42), system (32) is FIX stable.
The associated settling time satisfies 7, < % +
% + T,. Moreover, when ¢t > 1, one has

g(Z) = (Lr ®1,,)5(t). Since Ly is nonsingular, we have
lim; 7, ;(¢t) = 0 and &;(t) = 0 for ¢ > T,. The lemma is
thus proved. O

Lemma 5. Consider the distributed observers (26c¢) under
Assumptions 1 and 2. Let 11, 12, 13, Y1, and 7o, be chosen
L2 >0,13 >0 0< vy <1,
Yo > % > 1. There is a settling time Ty > 0, independent of
the initial conditions, such that

Jim (9i(t) = Co (hej(t),J € Op)) =0

¢i(t) —

Proof. Let ¢ = [QS]\T/[H,...,c;SAT/HN]T and ¢ = [@AT/H_I,

_ T .. - . .
o Prren] With @i = 1105 + 128ign™ () + 135ign 2 (;).
It follows from (26¢) that

¢=(In®Ap)¢—(In@1)p
Deﬁning QE = (b — ((—ﬁ;lﬁpp)@)h) hFF and hFF =

Co (hzj(t),j € Ofl) =0, t>Ty, Vic Of. (43)

(44)

[Aa1, - han] T, it follows from (4) and (44) that
o=(InoA)d—(IveoL)p (45)
Let ¢ = [@LH, ce @}4+N]T. One can obtain from

(LF® Il)qg. Then, via (45), one has
p=(In®@An)p—(LralL)p

It is noted that equation (46) has the same structure as
equation (32). Using the same procedure as in the proof of the
FIX, convergence of ¢(t), it follows that there is a settling
time Tj > 0, independent of the initial conditions, such that
lim; 7, @;(t) = 0 and @;(t) = 0 for t > Tj,. Note that Lp
is nonsingular and —E;lﬁ rr has the following form

Lemma 1 that p =
(46)

P 1 Py, M

—Lp' Lpp

Py Pirn M

Then, one has lim; 7, (¢ — Zj]vilpijhwj) = 0 and ¢; —
Zj]\il pijhwlj = 0 for t > T¢, where E]A/il Pij = 1 and
pij > 0, that is, lim;_,7, (¢; — Co (haj,j € Oy)) = 0 and
¢; — Co (hyj,j € Op) = 0 for t > Ty. The proof is thus
completed. O

Now, we proceed to design the FIX; containment control
component v; in (26a). Define é.; = z; — ZhiGis
i € Oy. Since rank(B;) = m;, via Lemmas 1 and 8§,
there is a linear coordinate transformation fi = Tiéc; =
[&171, “ee 7&'1,‘)1, ceay é’i'rni,ly ey lﬁimi,pmi]T? where Pjs j =
1,...,m,;, denotes the controllability index of éij. Then, v; is
proposed as follows:

vi = M, Hw; —

K3

=04 —

Di éc,i)a (47)

[wil, ey ,wimi]T Wlth wij =
_ZZLI (cij,ksignpi-7*’“ (ging) + EiLkSignﬁij’k (&j,k)) , D; and
invertible matrix M; are designed as in Lemma 8, ¢;; 1., Cij k.
Dij,k> and Dij k> j=1....m, k=1,... s Pj» xS Of, can be
given as in Lemma 9.

The main result of this subsection is presented below.

where w; = Wijy oo

Theorem 2. Suppose Assumptions 1-5 hold. Consider the
MAS described in (1) and (2). The FXFCT problem described
in Definition 1 is solved under the FIX distributed formation
tracking control protocols (9) and (23) for the formation-
leaders and the FIXy distributed containment control pro-
tocols (26) and (47) for the followers.

Proof. Similar to the proof of Theorem 1, this theorem is
proved in two steps. Firstly, the containment errors are proved
to be bounded in [0,T},), where T}, = max{T,,Ts}. Then,
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we show that not only formation tracking errors but also
containment errors converge to zero in a fixed time.

Step 1: Under Assumptions 4 and 5, one can obtain from
(1), (26b), and (26c) that

bei = Aiéei+ Bivi +EiG + Enii. (48)
Let b = Tiéc; = [&1,17 e aéil,plw"veimi,la cey
gim,;,pmi]—r and A, = Ti(EiG + Zpi@s) = [Deita, .-
T .
Acit s+ Deimits -+ Deimyp,,, | - Then, the dynamics
of 4;;, j =1,...,m;, have the following form,
lija = Lija+ Dcija,
51‘;‘,2. =Lij 3+ Acij2, 49)
Cijp; = Wij + Dcijop;
P . .
where w;j = — (Cij’ksignp”vk (Uij 1 )+Cij psign?id-k (&j,k))-
i=1

Similar to the analysis of the boundedness of f in Theorem
1, it follows that system (49) is BIBS stable, provided that
Acij = [Aeijis. .-, Am-j’pj]—r is considered as an input. Via
Lemmas 4 and 5, one has =;G; + Zpip; is bounded, and
consequently Ag;;, j = 1,...,m,;, are bounded in [0,T,,).
As a result, /; is bounded in [0,T,,). Since 0 = T;é.; and
T; is nonsingular, it follows that é.; is bounded in [0, T},).

Step 2: From Lemmas 4 and 5, one has that o; = x¢ and
¢i = Co (hgj,j € Of) hold for t > T,,, which implies that
écﬂ' =€cj = Tj — =Ty — EhiCO (hlj,j € Ofl) and Aci =0.

Via Lemma 9, it follows that system (49) is FIX stable for
all j € {1,...,m;}. The settling time satisfies T, < T,,, + Ty,
where T, can be determined based on Lemma 9.

Noting that ¢;(t) = T;e.;(t) and T; is invertible, one has
limy_,7, e ;(t) = 0 and e, ;(t) = 0 for ¢t > T,. Via Lemma 1
and Theorem 1, one has ep;(t) = Ciec;(t) — Co(er;(t),] €
Op) = wslt) — Coly;(t),§ € Op) — Coler,(t),§ € Op).
It follows from Theorem 1 that lim; ,7;, er;(t) = 0 and
erj(t) = 0 for t > Ty. Then, it can be obtained that
lim;_y7ep;(t) = 0 and ep;(t) = 0 for t > T, where T =
max{T., Ty }. Thus, equation (6) is achieved. Combining the
results in Theorem 1, the FXFCT control problem described
by Definition 1 is solved. O

Remark 3. The invertibility of M; in (23) and (47) is
guaranteed by Lemma 8. Specifically, under Assumption 3 and
the condition rank(B;) = m;, the controllability-index-based
coordinate transformation yields an invertible matrix M; in
the transformed error dynamics. This property provides the
basis for designing z; and v; for the formation-leaders and
followers, respectively.

Remark 4. Through a linear coordinate transformation, sys-
tems (24) and (48) are transformed into m; single-input
subsystems in controllable canonical form. For each sub-
system, the coupling terms involving the transformed error
variables appear only in the last equation of the corresponding
integrator chain. Based on this structure, the FIXy control
schemes can be designed without requiring the construction of

a matrix K;4 satisfying B;K;4 = 1,,,. Therefore, the proposed
design relaxes the full-row-rank condition imposed in [51],
thereby broadening the applicability of the proposed method
to a wider class of MASs.

Remark 5. In practical implementation, discrete sampling,
model uncertainties, external disturbances, and other nonideal
effects may prevent tracking errors from converging exactly
to zero. However, for engineering applications, it is often
sufficient to ensure that tracking errors become sufficiently
small within a fixed time. From this perspective, the proposed
continuous-time fixed-time control law can still be effective in
a discrete implementation.

IV. SIMULATION EXAMPLES
A. Example 1

In this example, the HMAS is composed of one reference
leader, four formation-leaders, and four followers. The inter-
action topology is illustrated in Figure 2.

Figure 2. Interaction topology.

The system matrices for the formation-leaders and followers
are borrowed from [55] and are described as follows,

0 1 O 0 O
A1 =10 dz G|, Bz = € 0 )
0 b a 0 fi
1 0 0
C’L <O 1 0> 9 1= 1) Y 83

where the parameters {a;,b;,c;,d;,e;, f;} are chosen as
{-1, -1, 2, 1, 1, 1}h{-2, -1, 1, O, 1, 1},
{-2, o0 2,1, 1, 1}, {-3, -1, 1, 0, 1, 1},
{—-4, -1, 1, 1, 1, 1}{-8, -1, 2, 0, 1, 1},
{-2, =2, 1, 1, 1, 1}, and {-3, 0, 2, 0, 1, 1}.

The system matrices of the reference leader (2) are de-
scribed by,

a0 o)) 00).

0 00

The TVF vector is set as follows,

— Co8S (t + W)
sin (t + w>

and hy; = hg;. Solving the equations (7)-(8) yields

100 —l-cies _di _ci
e p— Jp— €q €4 €4
= 0 10 ) Fl - _a?iei —bf —a; )

e; 0 1 fi fi fi

hxi:4 7i:172a3747
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Lo =1  —=di—cie;
Eri=10 1 y Ipi = féi —b; ejaiei
0 e fi fi

The parameters in the FIX; formation tracking controller
(9) and containment controller (26) are chosen as pu; = 7,

91 =1 =3, g = V9 =19 =5, u3g = Vs = 13 = 6,
ar =1 =7 =7/9, ag = P2 = 2 = 907/700, and
M; =1y, ¢ = 1,...,8. The initial states of the HMAS are

randomly set within the interval [—4, 4]. The initial conditions
for the distributed observers are chosen as zeros.

The simulation results are presented in Figures 3-5. The
snapshots of the HMAS at ¢t = 0Os and ¢ = 10s are
illustrated in Figure 3. The outputs of the reference leader,
formation-leaders, and followers are marked by a pentagram,
square markers, and circle markers, respectively. The gray
plane formed by connecting the square markers corresponds
to the convex hull spanned by the formation-leaders. As
observed from Figure 3, the formation-leaders not only form
a quadrilateral TVF and track the trajectory provided by the
reference leader in a fixed time, but also the outputs of the
followers converge to the convex hull spanned by those of
the formation-leaders. The estimation errors of the distributed
FIX; observers are shown in Figure 4. The formation tracking
errors and the output containment errors are given in Figures
5(a) and 5(b), respectively.

For comparison, Figure 6 shows the FCT errors obtained
using a FIN; controller, which is derived by modifying the
proposed control scheme to exclude the power terms with
exponents greater than one. The same initial conditions are
adopted for both cases. The comparison between Figures 5 and
6 demonstrates that the performance of the FIX; controller
is much better than its FIN counterpart.

Yio(t)
yiz(t)

o
o

08 06 04 02 0 02 04 06 08 1 5 4 3 2 4 0 1 2 3 4
yia(t) yir(t)

(a) (b)

Figure 3. The output snapshots of the MAS. (a) ¢ = 0s. (b) t = 10s.

B. Example 2

This example demonstrates the proposed FXFCT control
method in an air—ground cooperative scenario involving a
heterogeneous multi-robot system, as illustrated in Figure 7.
The system consists of four quadrotor AAVs as formation-
leaders (Of; = {1,2,3,4}) and four AGVs as followers
(O = {5,6,7,8}). Additionally, a reference leader (i = 0)
generates the reference trajectory for the entire system. The
communication topology is identical to that in Example 1.

Since the altitude of each AAV can be controlled indepen-
dently, we focus on the planar motion in the XY plane in
the following analysis. Following the inner/outer loop control

7@l

0 1 2 3 4 5 6 7 8 9 10
Time(sec)

(a)

2 3 4 5 6 7 8 9 10
Time(sec)
(b)
25 T T T T T T T T T
2
—— 15[
=
< |
0.5
0 ) ) ) ) ) ) ) ) )
0 1 2 3 4 5 6 7 8 9 10
Time(sec)
©

Figure 4. The estimation errors of the distributed FIX¢ observers: (a) ||7]|.
®) 5]l © ll¢ll

6 T T T T T T T T T

— e @®]l|

— lleL2(®)||
llezs(®)]I|]

—lleza(®)Il]

4 5 é 7 8 9 10
Time(sec)

(a)

— llers (@)l
— [lers(®)|l

llerz ()]l
— llers(®)ll

ller:(®)]]

4 5 6 7 8 9 10
Time(sec)

(W)

Figure 5. (a) The formation tracking errors with the FIX¢ controller. (b)
The containment errors with the FIX¢ controller.

architecture in [56], the outer-loop dynamics of the four AAVs
are modeled as,

j?j = vy,

v = Cz; Tj + Cop,; V5 + Uy, j € Oy,

where z;, v;, and wu; denote the position, velocity, and
control input, respectively, and ¢, and c,; are constant
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9
‘ ‘ ‘ Iy =Thy =L ® (0 1), where j € Op and k € Oy.
s\ e Let 20(0) = (10 —2 2 10)7, and set the remaining initial
g“’& Heii(t)u’ conditions (AAVs, AGVs, and distributed observers) as in
B —lleza(®)llf) Example 1.

72R Figures 8 and 9 illustrate the simulation results. Figure
; S 1 8 shows the output trajectories of the heterogeneous multi-
’ * Time(sec) N robot system. The four AAVs, operating at an altitude of
. z = 3 m, form a rotating quadrilateral TVF while tracking the

(@) . -
reference trajectory, which is marked by the red pentagram.
°5 —Ten @l Meanwhile, the four AGVs on the ground plane converge into
— llers(®)II[] the projection of the convex hull spanned by the AAVs. Figure
_Hf’F :8” 1 9 presents the FXFCT error. These results demonstrate the

] effectiveness of the proposed control method in the air—ground
1 cooperative scenario.

Time(sec)

(b)

Figure 6. (a) The formation tracking errors with the FIN¢ controller. (b)
The containment errors with the FIN¢ controller.

:'ﬁ,,%» Formation

oo 2 0 Leader
Reference rTT :; ’_‘f’: L Ll =
Leader0 |t =R 3 M gu k)
) FE [ -
ﬂl 0 N
I ke T
ol
o
ol
D K
5 6 v
Followers & " Al‘ v

s* 7*

Figure 8. The output trajectories of the heterogeneous multi-robot system.

Figure 7. Heterogeneous multi-robot system.

: :
—lles

(
— lles2(®)l]

(

(

feedback coefficients. The coefficients are set to {c,,, ¢y, } =
{=L -1} {capr e} = {=2,-2}, {cag. 00,1 = {3, -3},
and {c;,, ¢y, } = {0,0}.

Following [20], the dynamics of the four AGVs are given
by

Hem
—llesa

Time(sec)
T = Ug, kEOf, ()
where z; and wg denote the position and control input, e
respectively. — Hefz @ll|
The system matrices of the reference leader are Ay = Io ® Hf”(t;H |
—II€F8 7
701 é and Cyp = I, ® (1 O). All AAVs move in the 1
horizontal plane at a constant altitude z = 3 m. For j € Oy, | ]
the TVF vectors are TimC(SM)ﬁ o
deos(t+ (j—1)w/2) (b)
—4sin (¢ | — 1) /2
hxj (t) = 4 Sfrlln(i ++(§,‘7_ 1)3:;/2)) y Figure 9. (a) The formation tracking errors. (b) The containment errors.
dcos(t+ (j —1)m/2)
dcos(t+(j —1)m/2) - V. CONCLUSION
and h,; (¢) Asin (¢ + (j — 1)7r/2) . Solving the regulator
equatlons ( 8) ylelds Hi o= Spy = L, By o= S = This paper has studied the FXFCT control problem of
Iy ® Iy =Ty = L® ( 1—cy, cUJ) and HMASs under the directed graph. Novel distributed FIX
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control protocols have been developed for both the formation-
leaders and followers. Under these proposed control protocols,
the outputs of the formation-leaders achieve a desired TVF and
simultaneously track the trajectory provided by the reference
leader in a fixed time. Meanwhile, the output of followers
can converge to the convex hull spanned by the outputs
of the formation-leaders in a fixed time. Moreover, results
on FIN; or FIX; consensus tracking, formation tracking,
and containment control of linear MASs are encompassed as
special instances of the proposed approach. Future work will
investigate the sampled-data FXFCT problem for HMASs.

APPENDIX
Lemma 6 ([57]). Forany x; e Rt =1,2,...,n,andanyp €
0.1, (i [l < Xy pal” < 0= (20, Pal)’. For
any p>1, 330 [xil” < (Ez y al)? <P ZZ Il

Lemma 7 ([44]). Consider the system with dynamics de-
scribed by @ = g(x,t), where g : R™ x [0,00) — R"™ is
a nonlinear function, which can be discontinuous. Assume
that a continuous, positive-definite, and radially unbounded
function function W (z) : R* — R exists such that W (z) <
—a1(W(2))? — aa(W(x))? for all x € R™, where a; > 0,
az >0,0<p<1, and q > 1. Then, the system is FIXt sta-
ble, and the convergence time satisfies T < (1 o+ az(q ik

Lemma 8 ([58]). For a linear system

& = Ax + Bu, (50)

where © € R™, u € R™, A and B are the constant matrices.

Given that (A, B) is controllable and rank(B) = m, one
can find a nonsingular transformation matrix T' € R™*™ such
that £ = Tx = [f;r, . ,{;]T, where each block &; corre-
sponds to the controllability index p;, » = 1, ..., m. Then, the
subsystem dynamics corresponding to &;, © = 1,...,m, are
given by

i1 =&ia,
§i2 = &3,
€ips = t] APiE +t] APi—1Bu,

where t] = z;r T, i, € R" is the k-th canonical basis vector,

and i = 34— (1 + py,) with po = 0.

Moreover, define £ = (&1, . .. 7£m7pm]T € R™, one has
£ = GE + Mu, (51)
t AP t] An-1p
where G = : and M = : with M
th ApPm th Apm—1D

being invertible.

Lemma 9 ([59]). Consider a system that is modeled as an
n-th order integrator,

Z.Cl = X9
i‘g = T3

(52)
Ty = U

10

where & = [x1,...,2y] and u denote the state and control
input, respectively.

The FIX; controller is established as
U= —Zj . (L]slgn i(x) + LJslgn i( j))

where o and B, 7 = 2,.

(53)

,n, can be defined recursively

as a1 = 2s:f11+;7 Bi—1 = gg;fif% with terminal values
Qpt1 = Bpy1 = 1, an—ae(l—el) and B, = B €

(1,1+€) for suﬁ?ctently small €,€ > 0. The parameters v > 0
and t; >0, j=1,...,n, are selected such that

H =| : : o L Ee=] :
0 0 1 0 0
—l1 —l2 =L —l1 —l2 —ln

are Hurwitz matrices.
The convergence time T is bounded by

B—1

ﬁAmax(PQ))\nEc(PQ)
(B = 1)Amin(Q2)
= Q] >0, i=1,2 satisfy

l1-a
aAmax(Pl))\m‘gx (Pl)
(I — @)Amin(Q1)
where P; = PiT > 0 and Q;
P,H;+ H,' P, = —Q,.

T< (54)
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