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Abstract—In this article, the fixed-time formation-containment
tracking (FXFCT) problem is addressed for heterogeneous multi-
agent systems (HMASs) under a directed interaction topology.
Agents are divided into a reference leader, providing a trajectory
for the entire HMASs; formation-leaders, achieving the desired
formation by following this trajectory; and followers. Novel
distributed fixed-time observers are developed for the formation-
leaders and followers with the directed interaction topology,
respectively. Distributed fixed-time control protocols are then
proposed for the formation-leaders and followers using the
coordinate transformation methods, eliminating the restrictive
but commonly adopted full-row rank assumption of agent input
matrices. It is shown that under the proposed control protocols,
the concerned FXFCT problem can be solved. Simulations verify
the effectiveness of the obtained theoretical results.

Note to Practitioners—Fixed-time cooperative control of
HMASs, e.g., autonomous aerial vehicles (AAVs) and autonomous
ground vehicles (AGVs), enables rapid execution of complex
collective tasks, efficient resource allocation, and improved op-
erational efficiency. Such capabilities are particularly relevant
to applications in logistics, energy management, and smart
agriculture, where time-critical coordination delivers significant
social and economic benefits. As a unified cooperative control
framework, the formation-containment tracking (FCT) prob-
lem encompasses several classical problems, such as consensus
tracking, formation tracking, and containment control. Solving
the FCT problem therefore provides a comprehensive solution
that addresses multiple coordination objectives simultaneously,
making it particularly relevant for complex real-world missions
that require hierarchical coordination in HMASs.

This paper addresses the FXFCT problem for HMASs under a
directed interaction topology. We develop novel distributed fixed-
time protocols that integrate distributed fixed-time observers
and controllers for both formation-leaders and followers. For
practitioners, a key practical advantage lies in an explicit, a
priori computable upper bound on the convergence time that is
independent of initial conditions, enabling predictable, deadline-
aware mission planning. In addition, directed communication
and the removal of restrictive full-row rank assumptions on
agent dynamics alleviate communication overhead and improve
practical applicability to heterogeneous platforms.
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I. INTRODUCTION

In recent years, cooperative control of multi-agent systems
(MASs), such as consensus, containment, and formation, has
drawn considerable attention from various research fields, see,
e.g., [1], [2], [3], [4], [5]. Consensus control, a fundamental
topic of cooperative control, can generally be divided into
leaderless consensus control [6], [7], [8] and leader-following
consensus control [9], [10], [11], [12], [13]. In scenarios
involving multiple leaders, a typical topic is the so-called
containment control problem. The goal of containment control
focuses on developing control protocols that allow followers
to converge into the convex hull spanned by the leaders.
Several related results on this topic have been reported in [14],
[15], [16], [17], [18]. However, these existing results typically
assume the leaders do not interact or coordinate with each
other.

Another typical topic in cooperative control is formation
control, whose objective is to steer the entire MAS to form
a desired shape. Numerous studies have been reported in
the literature addressing the formation control problem, see,
for instance, [19], [20], [21], [22], [23]. Several works have
further investigated formation-tracking control for first- or
second-order MASs [24], [25], homogeneous MASs [26], [27],
[28], and heterogeneous MASs [29], [30], [31], in which
agents are required to achieve a desired time-varying formation
(TVF) while tracking a reference trajectory. When formation
objectives are combined with containment requirements, the
resulting problem is referred to as formation-containment
control. In this setting, leaders are required to achieve a TVF,
while followers should converge to the convex hull spanned by
the leaders. Recent results on formation-containment control
are reported in [32], [33], [34], [35]. In addition to this
leader–follower structure, practical applications often require
tracking capabilities. Consider, for instance, the air–ground
cooperative navigation scenario illustrated in Figure 1, where
multiple AAVs serve as formation-leaders, maintaining a TVF
while tracking a reference trajectory toward the destination.
Meanwhile, AGVs act as followers and are steered to stay
within the convex hull formed by the AAVs to ensure coordi-
nated motion and safety during navigation. These requirements
motivate the study of FCT, which has received increasing
attention (see, e.g., [36], [37], [38]).

It is noted that most of those works mentioned above
are based on asymptotic or exponential stability theorems,
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Figure 1. The schematic of air–ground cooperative navigation.

implying that the consensus is only achievable as time ap-
proaches infinity. However, these results might not be enough
for some practical applications, especially when finite-time
(FINt) convergence is required. Thus more recently FINt

cooperative control of MASs has attracted significant interest
[39], [40], [41], [42], [43]. Nevertheless, the upper bound
of the convergence time for FINt cooperative control in
[39], [40], [41] depends on the initial states of agents and
could grow unbounded as the initial state moves further from
the equilibrium point. To address this limitation of FINt

convergence, the concept of fixed-time (FIXt) convergence
was first introduced in [44], which allows the convergence
time to be upper bounded by a constant independent of the
initial conditions. Following this concept, some effort has been
devoted to the FIXt cooperative control problems, see, for
example, [45], [46], [47], [48], [49], [50], [51]. In particular,
the FXFCT control problem for HMASs was investigated in
[51], where the interaction topology was assumed to be undi-
rected and a restrictive full-row rank assumption concerning
the input matrices of the followers was implicitly required. In
fact, to the best of our knowledge, the FXFCT control problem
of HMASs under directed interaction topologies without the
restrictive assumption is still open, which motivates this study.
The main contributions of this work are three folds:

1) Unlike [48], [49], [50], [51] where the FIXt cooperative
control problems with undirected or strongly connected
interaction topologies are considered, more general
HMASs with a directed interaction topology are studied
in this work. Noting that the Laplacian matrix of the
directed graph is asymmetric, novel distributed FIXt

observers and stability analysis methods are developed
in this work. It is shown that the proposed methodology
is effective in dealing with the directed graph to achieve
the desired FXFCT.

2) Different from the existing FXFCT control scheme for
HMASs [51], which implicitly imposes the full-row
rank condition on the input matrices of the agents, this
work eliminates this restrictive assumption by designing
novel FIXt formation-tracking and containment proto-
cols based on coordinate transformation methods.

3) In contrast with the works on FIXt formation tracking
control or containment control of MASs [46], [47], [50],
the FXFCT control problem is more challenging, as
it requires formation-leaders and followers to achieve
both formation tracking and containment in a fixed time
simultaneously.

Notation: Let In be the n-dimensional identity matrix and
⊗ represent the Kronecker product. A diagonal matrix with

diagonal entries k1, . . . , kn is denoted by diag{k1, . . . , kn}.
∥ · ∥ and ∥ · ∥q represent the Euclidean norm and q-norm of
vectors, respectively. Given a vector A = [a1, . . . , an]

⊤ ∈ Rn,
define signc(A) = [sign(a1)|a1|c, . . . , sign(an)|an|c]⊤, where
c > 0 and sign(·) stands for the sign function. The distance
from A to set S is denoted by dist(A,S) = infx∈S ∥A −
x∥. The operators min(·) and max(·) are used to obtain the
smallest and largest elements of an array, respectively. For a
finite point set P = {p1, . . . , pn}, its convex hull is defined
as Co(P ) = {

∑︁n
i=1 lipi|pi ∈ P, li ∈ R, li ≥ 0,

∑︁n
i=1 li = 1}.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

Let G = (O, E ,Ω) represent the digraph among the MAS
under consideration, with the set of nodes O = {1, · · · ,m},
the set of edges E ⊆ O × O, and the weighted adjacency
matrix Ω = [ωij ]m×m with ωij > 0 ⇔ (j, i) ∈ E and ωij = 0
otherwise. A spanning tree is a digraph in which at least one
root node has a directed path to all other nodes. The Laplacian
matrix L = [lij ]m×m associated with digraph G is defined by
lij = −ωij , i ̸= j, and lij =

∑︁m
j=1 ωij . Let Ni = {j ∈

O|(j, i) ∈ E} denote the set of neighbors of agent i.

B. Problem formulation

In this paper, we consider a HMAS with M formation-
leaders and N followers whose dynamics are described by:

ẋi (t) = Aixi(t) +Biui(t),
yi (t) = Cixi (t), i = 1, . . . ,M +N,

(1)

where xi ∈ Rni , ui ∈ Rmi , yi ∈ Rp represent the state,
control input, and output of the i-th agent, respectively, Ai,
Bi, and Ci are the system matrices of agent i satisfying
rank(Bi) = mi.

The dynamics of the reference leader are described by:

ẋ0(t) = A0x0(t),
y0(t) = C0x0(t),

(2)

where x0 ∈ Rn0 and y0 ∈ Rp represent the state and output
of the reference leader, A0 and C0 are the system matrices of
the reference leader.

According to [36], [37], within the framework of FCT
control, the agents are categorized into three types based
on their specific roles and task requirements: the reference
leader, formation-leaders, and followers. The reference leader
is responsible for providing a reference trajectory for the MAS
under consideration. The formation-leaders, whose neighbors
are only leaders, are tasked with forming a TVF while si-
multaneously tracking the trajectory provided by the reference
leader. The followers are required to converge to the convex
hull spanned by the formation-leaders.

Let Ofl = {1, . . . ,M} and Of = {N̄1, . . . , N̄N} with
N̄i = M + i for i = 1, . . . , N be the sets of the formation-
leaders and followers, respectively. The Laplacian matrix can
be written as follows,

L =

⎛⎝ 0 01×M 01×N

LL LFL 0M×N

0N×1 LFF LF

⎞⎠ , (3)
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where LL ∈ RM×1, LFL ∈ RM×M , LFF ∈ RN×M , and
LF ∈ RN×N .

The piecewise continuous differentiable TVF vector
hyi(t) ∈ Rp is generated through the system given by

ḣxi(t) = Ahhxi(t),
hyi(t) = Chhxi(t), i ∈ Ofl,

(4)

where hxi ∈ Rl, Ah and Ch are matrices with compatible
dimensions.

Remark 1. In (4), hxi(t) is an auxiliary state used to gen-
erate the desired formation vector, while hyi(t) = Chhxi(t)
denotes the corresponding desired output formation vector.
Specifically, for each formation-leader, hyi(t) describes its
relative offset with respect to the reference output y0(t). By
properly choosing Ah and Ch, equation (4) can describe dif-
ferent formation patterns, such as time-invariant and rotating
formations; see, e.g., [26], [38].

This paper aims to address the problem as formulated below.

Definition 1 (Fixed-time formation-containment tracking
(FXFCT) problem). Given the HMAS consisting of (1) and
(2) under a digraph, find a distributed control protocol for
each formation-leader such that

lim
t→T

(yi(t)− hyi(t)− y0(t)) = 0, ∀i ∈ Ofl, (5)

and a distributed control protocol for each follower such that

lim
t→T

dist (yi(t),Co(yj(t), j ∈ Ofl)) = 0, ∀i ∈ Of , (6)

where T > 0 denotes the convergence time that is independent
of the initial states of the concerned MAS.

III. MAIN RESULTS

This section presents the main results of this paper. To
proceed, the following assumptions are put forward.

Assumption 1. The reference leader is globally reachable to
formation-leaders in the interaction topology.

Assumption 2. For each follower, there is at least one directed
path from one formation-leader.

Under Assumptions 1 and 2, the following two technical
lemmas can be obtained.

Lemma 1 ([6]). Under Assumptions 1 and 2, all eigenvalues
of LFL and LF have positive real parts, −L−1

F LFF is
nonnegative, and −L−1

F LFF1M = 1N .

Lemma 2 ([52]). Under Assumptions 1 and 2, there exists
positive diagonal matrices ḠFL and ḠF , such that ḠFLLFL+
L⊤
FLḠFL > 0 and ḠFLF + L⊤

F ḠF > 0.

Let λFL,min > 0 and λF,min > 0 be the smallest eigenvalue
of ḠFLLFL + L⊤

FLḠFL > 0 and ḠFLF + L⊤
F ḠF > 0, re-

spectively. Moreover, define GFL = diag{gfl1 , . . . , gflM } :=
2ḠFL

λFL,min
and GF = diag{gf1 , . . . , gfN } := 2ḠF

λF,min
, where

gfli > 0, i ∈ Ofl, and gfj > 0, j ∈ Of . Then,
via Lemma 2, one has GFLLFL + L⊤

FLGFL ≥ 2IM and
GFLF + L⊤

FGF ≥ 2IN .

In addition, the following standard assumptions are also
made.

Assumption 3. For any i ∈ Of ∪ Ofl, (Ai, Bi) are control-
lable.

Assumption 4. The regulator equations,

ΞiA0 =AiΞi +BiΓi (7a)
0 =CiΞi − C0, (7b)

have solution pairs (Ξi,Γi) for all i ∈ Of ∪ Ofl.

Assumption 5. The linear matrix equations,

ΞhiAh =AiΞhi +BiΓhi, (8a)
0 =CiΞhi − Ch, (8b)

have solution pairs (Ξhi,Γhi) for all i ∈ Of ∪ Ofl.

Remark 2. Assumptions 4-5 are necessary for achieving the
FCT as in [36], [37], [51]. As detailed in [53], the regulator

equations (7) can be solved if rank
[︃
Ai − λIni Bi

Ci 0

]︃
= ni+p

holds for all λ ∈ σ(A0), where σ(A0) represents the spectrum
of A0.

A. FIXt formation tracking control of formation-leaders

The distributed FIXt formation tracking control protocol
is designed as follows,

ui =Γiηi + Γhihxi + zi, (9a)
η̇i =A0ηi−µ1θi−µ2sign

α1(θi)−µ3sign
α2(θi), i∈Ofl, (9b)

where θi =
∑︁M

j=1 ωij (ηi − ηj) + ωi0 (ηi − x0), ηi is the
state of the observer, θi denotes the neighboring relative
estimation error, and the parameters µ1, µ2, µ3, α1, α2 are
positive constants that will be decided later, Γi and Γhi are
the solutions to equations (7) and (8) respectively, and zi will
be determined later for achieving FIXt formation tracking.

Given that not all formation-leaders have access to the state
of the reference leader, the distributed FIXt observer (9b)
is proposed to estimate x0. Define the estimation error η̃i =
ηi − x0, i ∈ Ofl. Then, we will present the following lemma
on the distributed FIXt observer (9b).

Lemma 3. Consider the distributed FIXt observer (9b). Let
µ1, µ2, µ3, α1, and α2, be chosen such that µ1 > ∥GFL⊗A0∥,
µ2 > 0, µ3 > 0, 0 < α1 < 1, α2 > 1

α1
> 1. There is a

settling time Tη ≥ 0 regardless of any initial conditions, such
that limt→Tη η̃i(t) = 0 and η̃i(t) = 0, t ≥ Tη, ∀i ∈ Ofl.

Proof. Letting η̃ = [η̃⊤1 , . . . , η̃
⊤
M ]⊤ and θ̄ =

[︁
θ̄⊤1 , . . . , θ̄

⊤
M

]︁⊤
with θ̄i = µ1θi+µ2sign

α1(θi)+µ3sign
α2(θi), it follows from

(2) and (9b) that

˙̃η =(IM ⊗A0) η̃ − (IM ⊗ In0
) θ̄. (10)

Let θ = [θ⊤1 , . . . , θ
⊤
M ]⊤. Noting that θ = (LFL ⊗ In0

)η̃, it
then follows from (10) that

θ̇ =(IM ⊗A0) θ − (LFL ⊗ In0
) θ̄. (11)
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Consider the Lyapunov function candidate,

V1 =
∑︂M

i=1

(︃
µ2gfli
1 + α1

∥θi∥1+α1
1+α1

+
µ3gfli
1 + α2

∥θi∥1+α2
1+α2

)︃
+

µ1

2
θ⊤(GFL ⊗ In0

)θ. (12)

The time derivative of (12) along (11) satisfies

V̇1 = θ̄⊤(GFL ⊗A0)θ −
1

2
θ̄⊤ (∆FL ⊗ In0

) θ̄, (13)

where ∆FL ≜ GFLLFL + L⊤
FLGFL ≥ 2IM . Via Young’s

inequality, one has θ̄⊤(GFL ⊗ A0)θ ≤ ∥GFL⊗A0∥2

2 ∥θ∥2 +
1
2∥θ̄∥

2. Then, one has

V̇1 ≤ 1

2
(∥GFL ⊗A0∥2∥θ∥2 − ∥θ̄∥2). (14)

Note that θ̄ = [θ̄⊤1 , . . . , θ̄
⊤
M ]⊤, where θ̄i = µ1θi +

µ2sign
α1(θi) + µ3sign

α2(θi). Since µj > 0, j = 1, 2, 3, the
corresponding components of θi, signα1(θi), and signα2(θi)
have the same sign. Therefore, the inner-product terms appear-
ing in the expansion of ∥θ̄i∥2 are nonnegative. Then, one has
∥θ̄∥2 =

∑︁M
i=1 ∥θ̄i∥2 ≥

∑︁M
i=1 µ

2
1∥θi∥2 +

∑︁M
i=1 µ

2
2∥θi∥

2α1
2α1

+∑︁M
i=1 µ

2
3∥θi∥

2α2
2α2

. Since 0 < α1 < 1 and α2 > 1, by Lemma
6 given in Appendix, one has

∑︁M
i=1 ∥θi∥

2α1
2α1

≥
(︁
∥θ∥2

)︁α1 and∑︁M
i=1 ∥θi∥

2α2
2α2

≥ 1
(n0M)α2−1

(︁
∥θ∥2

)︁α2 . Then, one can obtain
that

∥θ̄∥2 ≥ µ2
1∥θ∥2 + µ2

2

(︁
∥θ∥2

)︁α1
+

µ2
3

(︁
∥θ∥2

)︁α2

(n0M)α2−1
. (15)

Substituting (15) into (14) yields

V̇1 ≤ −cθ

(︂
∥θ∥2 +

(︁
∥θ∥2

)︁α1
+
(︁
∥θ∥2

)︁α2
)︂
, (16)

where cθ = min
{︂

µ2
1−∥GFL⊗A0∥2

2 ,
µ2
2

2 ,
µ2
3

2(n0M)α2−1

}︂
> 0.

Since 0 < α1 < 1 and α2 > 1, via Lemma
6, one has

∑︁M
i=1

µ2gfli

1+α1
∥θi∥1+α1

1+α1
≤ µ̄2(∥θ∥2)

1+α1
2 and∑︁M

i=1

µ3gfli

1+α2
∥θi∥1+α2

1+α2
≤ µ̄3(∥θ∥2)

1+α2
2 , where µ̄2 =

(
µ2gfl,max

1+α1
)(n0M)

1−α1
2 , µ̄3 =

µ3gfl,max

1+α2
, and gfl,max =

max{gfl1 , . . . , gflM }. Noting that 0 < 2α1

1+α1
< 1 and

2α2

1+α2
> 1, via Lemma 6 and (12), one can obtain that

V
2α1

1+α1
1 ≤cα1

(︃
(∥θ∥2)

2α1
1+α1+(∥θ∥2)α1+(∥θ∥2)

α1(1+α2)
1+α1

)︃
, (17)

and

V
2α2

1+α2
1 ≤cα2

(︃
(∥θ∥2)

2α2
1+α2+(∥θ∥2)

α2(1+α1)
1+α2 +(∥θ∥2)α2

)︃
, (18)

where cα1
= max{(µ1gfl,max

2 )
2α1

1+α1 , µ̄
2α1

1+α1
2 , µ̄

2α1
1+α1
3 } and cα2

=

max{(µ1gfl,max

2 )
2α2

1+α2 , µ̄
2α2

1+α2
2 , µ̄

2α2
1+α2
3 } × 3

α2−1
α2+1 . Noting that

α1 < 2α1

1+α1
< 1 and α1 < α1(1+α2)

1+α1
< α2, one has

(∥θ∥2)
2α1

1+α1 ≤ ∥θ∥2 + (∥θ∥2)α1 and (∥θ∥2)
α1(1+α2)

1+α1 ≤
(∥θ∥2)α1 + (∥θ∥2)α2 . Similarly, since 1 < 2α2

1+α2
< α2 and

α1 < α2(1+α1)
1+α2

< α2, one can obtain that (∥θ∥2)
2α2

1+α2 ≤
∥θ∥2 + (∥θ∥2)α2 and (∥θ∥2)

α2(1+α1)
1+α2 ≤ (∥θ∥2)α1 + (∥θ∥2)α2 .

Then, one can obtain that

V
2α1

1+α1
1 ≤ cα1

(︁
∥θ∥2 + 3(∥θ∥2)α1 + (∥θ∥2)α2

)︁
, (19)

and

V
2α2

1+α2
1 ≤ cα2

(︁
∥θ∥2 + 3(∥θ∥2)α2 + (∥θ∥2)α1

)︁
. (20)

Combining (19) and (20), one has

V
2α1

1+α1
1

4cα1

+
V

2α2
1+α2
1

4cα2

≤ ∥θ∥2 + (∥θ∥2)α2 + (∥θ∥2)α1 . (21)

Substituting (21) into (16), one has

V̇1 ≤ − cθ
4cα1

V
2α1

1+α1
1 − cθ

4cα2

V
2α2

1+α2
1 . (22)

By Lemma 7 in Appendix and (22), it can be shown that
system (11) is FIXt stable. The associated settling time
satisfies Tη ≤ 4cα1 (1+α1)

cθ(1−α1)
+

4cα2 (1+α2)

cθ(α2−1) . Moreover, since
θ(t) = (LFL ⊗ In0)η̃(t) and LFL is nonsingular, we have
limt→Tη η̃i(t) = 0 and η̃i(t) = 0 for t ≥ Tη . Thus, the proof
is completed.

Then, we proceed to design the FIXt formation tracking
control component zi in (9a). Define êfl,i = xi − Ξiηi −
Ξhihxi, i ∈ Ofl. Given that (Ai, Bi) is controllable and
rank(Bi) = mi, via Lemma 8 given in Appendix, there
exists a linear coordinate transformation ζ̂i = Tiêfl,i =[︂
ζ̂i1,1, . . . , ζ̂i1,ρ1

, . . . , ζ̂imi,1, . . . , ζ̂imi,ρmi

]︂⊤
, where ρj , j =

1, . . . ,mi, denotes the controllability index of ζ̂ij . Then, zi is
proposed as follows,

zi = M−1
i (wi −Diêfl,i), (23)

where wi = [wi1, . . . , wij , . . . , wimi ]
⊤ with wij =

−
∑︁ρj

k=1

(︂
cij,ksign

pij,k(ζ̂ij,k) + c̄ij,ksign
p̄ij,k(ζ̂ij,k)

)︂
, Di and

invertible matrix Mi are designed as in Lemma 8, cij,k, c̄ij,k,
pij,k, and p̄ij,k, j = 1, . . . ,mi, k = 1, . . . , ρj , are chosen
according to Lemma 9 in Appendix.

Then, the main result of this subsection is presented as
follows.

Theorem 1. Let Assumptions 1-5 be satisfied. Consider the
reference leader (2) and M formation-leaders (1). The FIXt

formation tracking problem described by (5) is solved under
the protocols defined in (9) and (23).

Proof. The proof of Theorem 1 includes two steps. Firstly, the
formation tracking errors are proved to be bounded in [0, Tη),
ensuring that no FINt escape occurs. Then, the formation
tracking errors are proved to converge to zero in a fixed time.

Step 1: Under Assumptions 4 and 5, one can obtain from
(1), (4), and (9) that

˙̂efl,i = Aiêfl,i +Bizi + Ξiθ̄i. (24)

Note that ζ̂i = Tiêfl,i = [ζ̂i1,1, . . . , ζ̂i1,ρ1 , . . . , ζ̂imi,1

, . . . , ζ̂imi,ρmi
]⊤. Letting ∆i = TiΞiθ̄i = [∆i1,1, . . . ,

∆i1,ρ1 , . . . ,∆imi,1, . . . ,∆imi,ρmi

]︁⊤
, via (23), the dynamics

of ζ̂ij , j = 1, . . . ,mi, has the following form,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

˙̂
ζij,1 = ζ̂ij,2 +∆ij,1,
˙̂
ζij,2 = ζ̂ij,3 +∆ij,2,

...
˙̂
ζij,ρj= wij +∆ij,ρj ,

(25)
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5

where wij = −
ρj∑︁
k=1

(︂
cij,ksign

pij,k(ζ̂ij,k)+c̄ij,ksign
p̄ij,k(ζ̂ij,k)

)︂
.

It is established in [54] that system (25) is bounded-input-
bounded-state (BIBS) stable when ∆ij = [∆ij,1, . . . ,∆ij,ρj

]⊤

is regarded as the input. According to Lemma 3, θ̄i is bounded
in [0, Tη), and therefore ∆ij , j = 1, . . . ,mi, are bounded on
the same interval. As a result, ζ̂i remains bounded as well.
Since ζ̂i = Tiêfl,i and Ti is nonsingular, it follows that êfl,i
is bounded in [0, Tη).

Step 2: From Lemma 3, one has ηi(t) = x0(t) for t ≥ Tη ,
which implies that êfl,i = efl,i = xi − Ξix0 − Ξhihxi and
∆i = 0.

Via Lemma 9, it follows that system (25) is FIXt stable for
all j ∈ {1, . . . ,mi}. The corresponding settling time satisfies
Tfl ≤ Tη + Tζ , with Tη and Tζ defined by Lemma 3 and
Lemma 9, respectively. Given that ζi = Tiefl,i, where Ti is
invertible, and eLi = Ciefl,i = yi − hyi − y0, it is concluded
that limt→Tfl

eLi(t) = 0 and eLi(t) = 0 for t ≥ Tfl.

B. FIXt containment control of followers

The distributed FIXt containment control protocol is de-
signed as follows,

ui =Γiσi + Γhiϕi + vi, (26a)

σ̇i =A0σi−ϑ1ςi−ϑ2sign
β1(ςi)−ϑ3sign

β2(ςi), (26b)

ϕ̇i =Ahϕi−ı1φi−ı2sign
γ1(φi)−ı3sign

γ2(φi), i∈Of , (26c)

where ςi =
∑︁M+N

j=M+1 ωij (σi − σj) +
∑︁M

j=1 ωij (σi − ηj),
φi =

∑︁M+N
j=M+1 ωij (ϕi − ϕj) +

∑︁M
j=1 ωij (ϕi − hxj), σi rep-

resents the state of the FIXt distributed observer used to
estimate x0 via the information ηj , ϕi denotes the state of
the distributed observer to estimate Co (hxj(t), j ∈ Ofl), the
parameters ϑ1, ϑ2, ϑ3, ı1, ı2, ı3, β1, β2, γ1, and γ2 are
positive constants that will be decided later, Γi and Γhi are
the solutions to equations (7) and (8) respectively, and vi will
be determined later for achieving FIXt containment.

Given that the followers cannot access the state x0, the
distributed FIXt observer (26b) is proposed to estimate x0

through the information ηj in (9b). Additionally, as the TVF
vector hxj , j ∈ Ofl, is accessible only to part of the followers,
the distributed FIXt observer (26c) is proposed to estimate
Co (hxj(t), j ∈ Ofl). Define the estimation error σ̃i = σi−x0,
i ∈ Of . We present several technical lemmas related to these
distributed observers (26b) and (26c) as follows.

Lemma 4. Suppose Assumptions 1 and 2 hold. Consider the
reference leader (2), the distributed observer (9b), and the
distributed observer (26b). Let ϑ1, ϑ2, ϑ3, β1, and β2, be
chosen such that ϑ1 > ∥GF ⊗A0∥, ϑ2 > 0, ϑ3 > 0, 0 < β1 <
1, β2 > 1

β1
> 1. There is a settling time Tσ ≥ 0 regardless

of any initial conditions, such that limt→Tσ
σ̃i(t) = 0 and

σ̃i(t) = 0, t ≥ Tσ, ∀i ∈ Of .

Proof. The proof is to be accomplished via the following two
steps.

Step 1: Boundedness of σi in t ∈ [0, Tη).

Letting σ = [σ⊤
M+1, . . . , σ

⊤
M+N ]⊤ and ς̄ =

[︁
ς̄⊤M+1, . . . ,

ς̄⊤M+N

]︁⊤
with ς̄i = ϑ1ςi + ϑ2sign

β1(ςi) + ϑ3sign
β2(ςi), it

follows from (26b) that

σ̇ =(IN ⊗A0)σ − (IN ⊗ In0
) ς̄ . (27)

Let ςf = [ς⊤
N̄1

, . . . , ς⊤
N̄N

]⊤

Letting σ̃ = [σ̃⊤
M+1, . . . , σ̃

⊤
M+N ]⊤ and ς =

[ς⊤M+1, . . . , ς
⊤
M+N ]⊤, one can obtain from Lemma 1 that ς =

(LF ⊗ In0
)σ+(LFF ⊗ In0

)η = (LF ⊗ In0
)σ̃+(LFF ⊗ In0

)η̃.
Then, via (9b) and (27), one has

ς̇ =(IN ⊗A0) ς − (LF ⊗ In0
) ς̄ − (LFF ⊗ In0

)θ̄. (28)

Choose the following Lyapunov function candidate,

V2 =
∑︂N

i=1

(︃
ϑ2gfi
1 + β1

∥ςi∥1+β1

1+β1
+

ϑ3gfi
1 + β2

∥ςi∥1+β2

1+β2

)︃
+

ϑ1

2
ς⊤(GF ⊗ In0)ς. (29)

The time derivative of (29) along (28) satisfies

V̇2 =ς̄⊤(GF ⊗A0)ς −
1

2
ς̄⊤ (∆F ⊗ In0) ς̄

− ς̄⊤(GFLFF ⊗ In0)θ̄, (30)

where ∆F = GFLF + L⊤
FGF ≥ 2IN . Via Young’s in-

equality, one has ς̄⊤(GF ⊗ A0)ς ≤ ∥GF⊗A0∥2

2 ∥ς∥2 + 1
2∥ς̄∥

2

and −ς̄⊤(GFLFF ⊗ In0
)θ̄ ≤ 1

2∥ς̄∥
2 + ∆θ̄, where ∆θ̄ =

1
2∥(GFLFF ⊗ In0)θ̄∥2. Thus, V̇2 can be further bounded by

V̇2 ≤ ∥GF ⊗A0∥2

2
∥ς∥2 +∆θ̄ ≤ kθV2 +∆θ̄, (31)

where kθ = ∥GF⊗A0∥2

ϑ1gf min
and gf min = min{gf1 , . . . , gfN }.

Via Lemma 3, one has η and consequently ∆θ̄ are bounded
in t ∈ [0, Tη). It then follows from (31) that V2(t) is also
bounded on the same interval, which means that ς is bounded
as well. Noting that ς = (LF ⊗ In0

)σ+(LFF ⊗ In0
)η and LF

is nonsingular, one has σi is bounded in [0, Tη).
Step 2: FIXt convergence of σ̃i.
When t ≥ Tη , one can obtain that η̃i = 0 and ∆θ̄ = 0.

Then, it can be obtained from (28) that

ς̇ =(IN ⊗A0) ς − (LF ⊗ In0
) ς̄ . (32)

The time derivative of V2 described in (29) along the
trajectories of (32) satisfies

V̇2 ≤ ς̄⊤(GF ⊗A0)ς −
1

2
ς̄⊤ (∆F ⊗ In0) ς̄ . (33)

Noting that ∆F ≥ 2IN and ς̄⊤(GF ⊗A0)ς ≤ ∥GF⊗A0∥2

2 ∥ς∥2
+ 1

2∥ς̄∥
2, V̇2 can be further bounded by

V̇2 ≤ 1

2
(∥GF ⊗A0∥2∥ς∥2 − ∥ς̄∥2). (34)

Note that ∥ς̄∥2 =
∑︁N

i=1 ∥ς̄i∥2 ≥
∑︁N

i=1 ϑ
2
1∥ςi∥2 +∑︁N

i=1 ϑ
2
2∥ςi∥

2β1

2β1
+
∑︁N

i=1 ϑ
2
3∥ςi∥

2β2

2β2
. Since 0 < β1 < 1 and

β2 > 1, by Lemma 6, one has
∑︁N

i=1 ∥ςi∥
2β1

2β1
≥
(︁
∥ς∥2

)︁β1 and∑︁N
i=1 ∥ςi∥

2β2

2β2
≥ 1

(n0N)β2−1

(︁
∥ς∥2

)︁β2 . It then follows that

∥ς̄∥2 ≥ ϑ2
1∥ς∥2 + ϑ2

2

(︁
∥ς∥2

)︁β1
+

ϑ2
3

(︁
∥ς∥2

)︁β2

(n0N)β2−1
. (35)
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Substituting (35) into (34), one has

V̇2 ≤ −cς

(︂
∥ς∥2 +

(︁
∥ς∥2

)︁β1
+
(︁
∥ς∥2

)︁β2
)︂
, (36)

where cς = min{ϑ2
1−∥GF⊗A0∥2

2 ,
ϑ2
2

2 ,
ϑ2
3

2(n0N)β2−1 } > 0.
Since 0 < β1 < 1 and β2 > 1, via Lemma

6, one has
∑︁N

i=1

ϑ2gfi
1+β1

∥ςi∥1+β1

1+β1
≤ ϑ̄2(∥ς∥2)

1+β1
2

and
∑︁N

i=1

ϑ3gfi
1+β2

∥ςi∥1+β2

1+β2
≤ ϑ̄3(∥ς∥2)

1+β2
2 , where

ϑ̄2 = (
ϑ2gf max

1+β1
)(n0N)

1−β1
2 , ϑ̄3 =

ϑ3gf max

1+β2
, and

gf max = max{gf1 , . . . , gfN }. Noting that 0 < 2β1

1+β1
< 1 and

2β2

1+β2
> 1, via Lemma 6 and (29), one then has

V
2β1

1+β1
2 ≤ cβ1

(︃
(∥ς∥2)

2β1
1+β1+(∥ς∥2)β1+(∥ς∥2)

β1(1+β2)
1+β1

)︃
, (37)

and

V
2β2

1+β2
2 ≤ cβ2

(︃
(∥ς∥2)

2β2
1+β2+(∥ς∥2)

β2(1+β1)
1+β2 +(∥ς∥2)β2

)︃
, (38)

where cβ1 = max{(ϑ1gf,max

2 )
2β1

1+β1 , ϑ̄
2β1

1+β1
2 , ϑ̄

2β1
1+β1
3 } and cβ2 =

max{(ϑ1gf,max

2 )
2β2

1+β2 , ϑ̄
2β2

1+β2
2 , ϑ̄

2β2
1+β2
3 } × 3

β2−1
β2+1 . Noting that

β1 < 2β1

1+β1
< 1 and β1 < β1(1+β2)

1+β1
< β2, one

has (∥ς∥2)
2β1

1+β1 ≤ ∥ς∥2 + (∥ς∥2)β1 and (∥ς∥2)
β1(1+β2)

1+β1 ≤
(∥ς∥2)β1 + (∥ς∥2)β2 . Since 1 < 2β2

1+β2
< β2 and β1 <

β2(1+β1)
1+β2

< β2, one has (∥ς∥2)
β1(1+β2)

1+β1 ≤ (∥ς∥2)β1 +(∥ς∥2)β2

and (∥ς∥2)
β2(1+β1)

1+β2 ≤ (∥ς∥2)β1 + (∥ς∥2)β2 . It then follows
from (37) and (38) that

V
2β1

1+β1
2 ≤ cβ1

(︁
∥ς∥2 + 3(∥ς∥2)β1 + (∥ς∥2)β2

)︁
, (39)

and

V
2β2

1+β2
2 ≤ cβ2

(︁
∥ς∥2 + 3(∥ς∥2)β2 + (∥ς∥2)β1

)︁
. (40)

Combining (39) and (40), one has

V
2β1

1+β1
2

4cβ1

+
V

2β2
1+β2
2

4cβ2

≤
(︁
∥ς∥2 + (∥ς∥2)β1 + (∥ς∥2)β2

)︁
. (41)

Substituting (41) into (36), one has

V̇2 ≤ − cς
4cβ1

V
2β1

1+β1
2 − cς

4cβ2

V
2β2

1+β2
2 . (42)

According to Lemma 7 and (42), system (32) is FIXt stable.
The associated settling time satisfies Tσ ≤ 4cβ1

(1+β1)

cς(1−β1)
+

4cβ2
(1+β2)

cς(β2−1) + Tη . Moreover, when t ≥ Tη , one has
ς(t) = (LF ⊗ In0

)σ̃(t). Since LF is nonsingular, we have
limt→Tσ σ̃i(t) = 0 and σ̃i(t) = 0 for t ≥ Tσ . The lemma is
thus proved.

Lemma 5. Consider the distributed observers (26c) under
Assumptions 1 and 2. Let ı1, ı2, ı3, γ1, and γ2, be chosen
such that ı1 > ∥GF ⊗ Ah∥, ı2 > 0, ı3 > 0, 0 < γ1 < 1,
γ2 > 1

γ1
> 1. There is a settling time Tϕ ≥ 0, independent of

the initial conditions, such that

lim
t→Tϕ

(ϕi(t)− Co (hxj(t), j ∈ Ofl)) = 0,

ϕi(t)− Co (hxj(t), j ∈ Ofl) = 0, t ≥ Tϕ, ∀i ∈ Of . (43)

Proof. Let ϕ = [ϕ⊤
M+1, . . . , ϕ

⊤
M+N ]⊤ and φ̄ =

[︁
φ̄⊤
M+1,

. . . , φ̄⊤
M+N

]︁⊤
with φ̄i = ı1φi + ı2sign

γ1(φi) + ı3sign
γ2(φi).

It follows from (26c) that

ϕ̇ = (IN ⊗Ah)ϕ− (IN ⊗ Il) φ̄. (44)

Defining ϕ̃ = ϕ −
(︁
(−L−1

F LFF )⊗ Il
)︁
hFF and hFF =

[h⊤
x1, . . . , hxM ]⊤, it follows from (4) and (44) that

˙̃
ϕ = (IN ⊗Ah) ϕ̃− (IN ⊗ Il) φ̄. (45)

Let φ = [φ⊤
M+1, . . . , φ

⊤
M+N ]⊤. One can obtain from

Lemma 1 that φ = (LF ⊗ Il)ϕ̃. Then, via (45), one has

φ̇ =(IN ⊗Ah)φ− (LF ⊗ Il) φ̄. (46)

It is noted that equation (46) has the same structure as
equation (32). Using the same procedure as in the proof of the
FIXt convergence of ς(t), it follows that there is a settling
time Tϕ ≥ 0, independent of the initial conditions, such that
limt→Tϕ

φi(t) = 0 and φi(t) = 0 for t ≥ Tϕ. Note that LF

is nonsingular and −L−1
F LFF has the following form

−L−1
F LFF ≜

⎛⎜⎝ρM̄11 · · · ρM̄1M
...

. . .
...

ρM̄N1 · · · ρM̄NM

⎞⎟⎠ .

Then, one has limt→Tϕ
(ϕi −

∑︁M
j=1 ρijhxj) = 0 and ϕi −∑︁M

j=1 ρijhxj = 0 for t ≥ Tϕ, where
∑︁M

j=1 ρij = 1 and
ρij ≥ 0, that is, limt→Tϕ

(ϕi − Co (hxj , j ∈ Ofl)) = 0 and
ϕi − Co (hxj , j ∈ Ofl) = 0 for t ≥ Tϕ. The proof is thus
completed.

Now, we proceed to design the FIXt containment control
component vi in (26a). Define êc,i = xi − Ξiσi − Ξhiϕi,
i ∈ Of . Since rank(Bi) = mi, via Lemmas 1 and 8,
there is a linear coordinate transformation ℓ̂i = Tiêc,i =
[ℓ̂i1,1, . . . , ℓ̂i1,ρ1

, . . . , ℓ̂imi,1, . . . , ℓ̂imi,ρmi
]⊤, where ρj , j =

1, . . . ,mi, denotes the controllability index of ℓ̂ij . Then, vi is
proposed as follows:

vi = M−1
i (ωi −Diêc,i), (47)

where ωi = [ωi1, . . . , ωij , . . . , ωimi
]
⊤ with ωij =

−
∑︁ρj

k=1

(︂
cij,ksign

pij,k(ℓ̂ij,k) + c̄ij,ksign
p̄ij,k(ℓ̂ij,k)

)︂
, Di and

invertible matrix Mi are designed as in Lemma 8, cij,k, c̄ij,k,
pij,k, and p̄ij,k, j = 1, . . . ,mi, k = 1, . . . , ρj , i ∈ Of , can be
given as in Lemma 9.

The main result of this subsection is presented below.

Theorem 2. Suppose Assumptions 1-5 hold. Consider the
MAS described in (1) and (2). The FXFCT problem described
in Definition 1 is solved under the FIXt distributed formation
tracking control protocols (9) and (23) for the formation-
leaders and the FIXt distributed containment control pro-
tocols (26) and (47) for the followers.

Proof. Similar to the proof of Theorem 1, this theorem is
proved in two steps. Firstly, the containment errors are proved
to be bounded in [0, Tm), where Tm = max{Tσ, Tϕ}. Then,
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we show that not only formation tracking errors but also
containment errors converge to zero in a fixed time.

Step 1: Under Assumptions 4 and 5, one can obtain from
(1), (26b), and (26c) that

˙̂ec,i = Aiêc,i +Bivi + Ξiς̄i + Ξhiφ̄i. (48)

Let ℓ̂i = Tiêc,i = [ℓ̂i1,1, . . . , ℓ̂i1,ρ1 , . . . , ℓ̂imi,1, . . . ,
ℓ̂imi,ρmi

]⊤ and ∆ci = Ti(Ξiς̄i + Ξhiφ̄i) = [∆ci1,1, . . . ,

∆ci1,ρ1 , . . . ,∆cimi,1, . . . ,∆cimi,ρmi

]︁⊤
. Then, the dynamics

of ℓ̂ij , j = 1, . . . ,mi, have the following form,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

˙̂
ℓij,1 = ℓ̂ij,2 +∆cij,1,
˙̂
ℓij,2 = ℓ̂ij,3 +∆cij,2,

...
˙̂
ℓij,ρj

= ωij +∆cij,ρj
,

(49)

where ωij = −
ρj∑︁
k=1

(︂
cij,ksign

pij,k(ℓ̂ij,k)+c̄ij,ksign
p̄ij,k(ℓ̂ij,k)

)︂
.

Similar to the analysis of the boundedness of ζ̂ in Theorem
1, it follows that system (49) is BIBS stable, provided that
∆cij = [∆cij,1, . . . ,∆cij,ρj ]

⊤ is considered as an input. Via
Lemmas 4 and 5, one has Ξiς̄i + Ξhiφ̄i is bounded, and
consequently ∆cij , j = 1, . . . ,mi, are bounded in [0, Tm).
As a result, ℓ̂i is bounded in [0, Tm). Since ℓ̂i = Tiêc,i and
Ti is nonsingular, it follows that êc,i is bounded in [0, Tm).

Step 2: From Lemmas 4 and 5, one has that σi = x0 and
ϕi = Co (hxj , j ∈ Ofl) hold for t ≥ Tm, which implies that
êc,i = ec,i = xi −Ξix0 −ΞhiCo (hxj , j ∈ Ofl) and ∆ci = 0.

Via Lemma 9, it follows that system (49) is FIXt stable for
all j ∈ {1, . . . ,mi}. The settling time satisfies Tc ≤ Tm+Tℓ,
where Tℓ can be determined based on Lemma 9.

Noting that ℓi(t) = Tiec,i(t) and Ti is invertible, one has
limt→Tc ec,i(t) = 0 and ec,i(t) = 0 for t ≥ Tc. Via Lemma 1
and Theorem 1, one has eFi(t) = Ciec,i(t)− Co(eLj(t), j ∈
Ofl) = yi(t) − Co (yj(t), j ∈ Ofl) − Co(eLj(t), j ∈ Ofl).
It follows from Theorem 1 that limt→Tfl

eLj(t) = 0 and
eLj(t) = 0 for t ≥ Tfl. Then, it can be obtained that
limt→T eFi(t) = 0 and eFi(t) = 0 for t ≥ T , where T =
max{Tc, Tfl}. Thus, equation (6) is achieved. Combining the
results in Theorem 1, the FXFCT control problem described
by Definition 1 is solved.

Remark 3. The invertibility of Mi in (23) and (47) is
guaranteed by Lemma 8. Specifically, under Assumption 3 and
the condition rank(Bi) = mi, the controllability-index-based
coordinate transformation yields an invertible matrix Mi in
the transformed error dynamics. This property provides the
basis for designing zi and vi for the formation-leaders and
followers, respectively.

Remark 4. Through a linear coordinate transformation, sys-
tems (24) and (48) are transformed into mi single-input
subsystems in controllable canonical form. For each sub-
system, the coupling terms involving the transformed error
variables appear only in the last equation of the corresponding
integrator chain. Based on this structure, the FIXt control
schemes can be designed without requiring the construction of

a matrix Ki4 satisfying BiKi4 = Ini
. Therefore, the proposed

design relaxes the full-row-rank condition imposed in [51],
thereby broadening the applicability of the proposed method
to a wider class of MASs.

Remark 5. In practical implementation, discrete sampling,
model uncertainties, external disturbances, and other nonideal
effects may prevent tracking errors from converging exactly
to zero. However, for engineering applications, it is often
sufficient to ensure that tracking errors become sufficiently
small within a fixed time. From this perspective, the proposed
continuous-time fixed-time control law can still be effective in
a discrete implementation.

IV. SIMULATION EXAMPLES

A. Example 1

In this example, the HMAS is composed of one reference
leader, four formation-leaders, and four followers. The inter-
action topology is illustrated in Figure 2.

4

0

2

3

1

5 6

8 7

Figure 2. Interaction topology.

The system matrices for the formation-leaders and followers
are borrowed from [55] and are described as follows,

Ai =

⎛⎝0 1 0
0 di ci
0 bi ai

⎞⎠ , Bi =

⎛⎝0 0
ei 0
0 fi

⎞⎠,

Ci =

(︃
1 0 0
0 1 0

)︃
, i = 1, · · · , 8,

where the parameters {ai, bi, ci, di, ei, fi} are chosen as
{−1, −1, 2, 1, 1, 1},{−2, −1, 1, 0, 1, 1},
{−2, 0, 2, 1, 1, 1}, {−3, −1, 1, 0, 1, 1},
{−4, −1, 1, 1, 1, 1},{−8, −1, 2, 0, 1, 1},
{−2, −2, 1, 1, 1, 1}, and {−3, 0, 2, 0, 1, 1}.

The system matrices of the reference leader (2) are de-
scribed by,

A0 =

⎛⎝ 0 1 0
−1 0 0
0 0 0

⎞⎠ , C0 =

(︃
1 0 0
0 1 0

)︃
.

The TVF vector is set as follows,

hxi = 4

⎛⎝− cos
(︂
t+ (i−1)π

2

)︂
sin
(︂
t+ (i−1)π

2

)︂ ⎞⎠ , i = 1, 2, 3, 4,

and hyi = hxi. Solving the equations (7)-(8) yields

Ξi =

⎛⎝1 0 0
0 1 0
ei 0 1

⎞⎠ , Γi =

(︄
−1−ciei

ei
−di

ei
− ci

ei

−aiei
fi

−bi
fi

−ai

fi

)︄
,
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Ξhi =

⎛⎝1 0
0 1
0 ei

⎞⎠ ,Γhi =

(︄
−1
ei

−di−ciei
ei

−ei
fi

−bi−aiei
fi

)︄
.

The parameters in the FIXt formation tracking controller
(9) and containment controller (26) are chosen as µ1 = 7,
ϑ1 = ı1 = 3, µ2 = ϑ2 = ı2 = 5, µ3 = ϑ3 = ı3 = 6,
α1 = β1 = γ1 = 7/9, α2 = β2 = γ2 = 907/700, and
Mi = I2, i = 1, . . . , 8. The initial states of the HMAS are
randomly set within the interval [−4, 4]. The initial conditions
for the distributed observers are chosen as zeros.

The simulation results are presented in Figures 3-5. The
snapshots of the HMAS at t = 0s and t = 10s are
illustrated in Figure 3. The outputs of the reference leader,
formation-leaders, and followers are marked by a pentagram,
square markers, and circle markers, respectively. The gray
plane formed by connecting the square markers corresponds
to the convex hull spanned by the formation-leaders. As
observed from Figure 3, the formation-leaders not only form
a quadrilateral TVF and track the trajectory provided by the
reference leader in a fixed time, but also the outputs of the
followers converge to the convex hull spanned by those of
the formation-leaders. The estimation errors of the distributed
FIXt observers are shown in Figure 4. The formation tracking
errors and the output containment errors are given in Figures
5(a) and 5(b), respectively.

For comparison, Figure 6 shows the FCT errors obtained
using a FINt controller, which is derived by modifying the
proposed control scheme to exclude the power terms with
exponents greater than one. The same initial conditions are
adopted for both cases. The comparison between Figures 5 and
6 demonstrates that the performance of the FIXt controller
is much better than its FINt counterpart.

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

-0.5

0

0.5

1

(a)

-5 -4 -3 -2 -1 0 1 2 3 4

-4

-3

-2

-1

0

1

2

3

(b)

Figure 3. The output snapshots of the MAS. (a) t = 0s. (b) t = 10s.

B. Example 2

This example demonstrates the proposed FXFCT control
method in an air–ground cooperative scenario involving a
heterogeneous multi-robot system, as illustrated in Figure 7.
The system consists of four quadrotor AAVs as formation-
leaders (Ofl = {1, 2, 3, 4}) and four AGVs as followers
(Of = {5, 6, 7, 8}). Additionally, a reference leader (i = 0)
generates the reference trajectory for the entire system. The
communication topology is identical to that in Example 1.

Since the altitude of each AAV can be controlled indepen-
dently, we focus on the planar motion in the XY plane in
the following analysis. Following the inner/outer loop control

0 1 2 3 4 5 6 7 8 9 10
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3

4

5

(a)

0 1 2 3 4 5 6 7 8 9 10

0

1

2

3

4
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(b)

0 1 2 3 4 5 6 7 8 9 10

0

0.5

1

1.5

2

2.5

(c)

Figure 4. The estimation errors of the distributed FIXt observers: (a) ∥η̃∥.
(b) ∥σ̃∥. (c) ∥ϕ̃∥ .
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0
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Figure 5. (a) The formation tracking errors with the FIXt controller. (b)
The containment errors with the FIXt controller.

architecture in [56], the outer-loop dynamics of the four AAVs
are modeled as,{︄

ẋj = vj ,

v̇j = cxjxj + cvjvj + uj , j ∈ Ofl,

where xj , vj , and uj denote the position, velocity, and
control input, respectively, and cxj

and cvj are constant
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Figure 6. (a) The formation tracking errors with the FINt controller. (b)
The containment errors with the FINt controller.

Followers

Reference 

Leader 0

Formation

Leader

1
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3

4

6

8 7

5

Figure 7. Heterogeneous multi-robot system.

feedback coefficients. The coefficients are set to {cx1
, cv1} =

{−1,−1}, {cx2
, cv2} = {−2,−2}, {cx3

, cv3} = {−3,−3},
and {cx4

, cv4} = {0, 0}.
Following [20], the dynamics of the four AGVs are given

by

ẋk = uk, k ∈ Of ,

where xk and uk denote the position and control input,
respectively.

The system matrices of the reference leader are A0 = I2 ⊗(︃
0 1
−1 0

)︃
and C0 = I2 ⊗

(︁
1 0

)︁
. All AAVs move in the

horizontal plane at a constant altitude z = 3 m. For j ∈ Ofl,
the TVF vectors are

hxj(t) =

⎛⎜⎜⎝
4 cos (t+ (j − 1)π/2)
−4 sin (t+ (j − 1)π/2)
4 sin (t+ (j − 1)π/2)
4 cos (t+ (j − 1)π/2)

⎞⎟⎟⎠ ,

and hyj(t) =

(︃
4 cos(t+ (j − 1)π/2)
4 sin (t+ (j − 1)π/2)

)︃
. Solving the regulator

equations (7)–(8) yields Ξj = Ξhj = I4, Ξk = Ξhk =
I2 ⊗

(︁
1 0

)︁
, Γj = Γhj = I2 ⊗

(︁
−1− cxj

−cvj
)︁
, and

Γk = Γhk = I2 ⊗
(︁
0 1

)︁
, where j ∈ Ofl and k ∈ Of .

Let x0(0) = (10 − 2 2 10)⊤, and set the remaining initial
conditions (AAVs, AGVs, and distributed observers) as in
Example 1.

Figures 8 and 9 illustrate the simulation results. Figure
8 shows the output trajectories of the heterogeneous multi-
robot system. The four AAVs, operating at an altitude of
z = 3 m, form a rotating quadrilateral TVF while tracking the
reference trajectory, which is marked by the red pentagram.
Meanwhile, the four AGVs on the ground plane converge into
the projection of the convex hull spanned by the AAVs. Figure
9 presents the FXFCT error. These results demonstrate the
effectiveness of the proposed control method in the air–ground
cooperative scenario.

Figure 8. The output trajectories of the heterogeneous multi-robot system.
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Figure 9. (a) The formation tracking errors. (b) The containment errors.

V. CONCLUSION

This paper has studied the FXFCT control problem of
HMASs under the directed graph. Novel distributed FIXt
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control protocols have been developed for both the formation-
leaders and followers. Under these proposed control protocols,
the outputs of the formation-leaders achieve a desired TVF and
simultaneously track the trajectory provided by the reference
leader in a fixed time. Meanwhile, the output of followers
can converge to the convex hull spanned by the outputs
of the formation-leaders in a fixed time. Moreover, results
on FINt or FIXt consensus tracking, formation tracking,
and containment control of linear MASs are encompassed as
special instances of the proposed approach. Future work will
investigate the sampled-data FXFCT problem for HMASs.

APPENDIX

Lemma 6 ([57]). For any χi ∈ R, i = 1, 2, . . . , n, and any p ∈
(0, 1], (

∑︁n
i=1 |χi|)

p ≤
∑︁n

i=1 |χi|p ≤ n1−p (
∑︁n

i=1 |χi|)
p. For

any p > 1,
∑︁n

i=1 |χi|p ≤ (
∑︁n

i=1 |χi|)
p ≤ np−1

∑︁n
i=1 |χi|p.

Lemma 7 ([44]). Consider the system with dynamics de-
scribed by ẋ = g(x, t), where g : Rn × [0,∞) → Rn is
a nonlinear function, which can be discontinuous. Assume
that a continuous, positive-definite, and radially unbounded
function function W (x) : Rn → R exists such that Ẇ (x) ≤
−a1(W (x))p − a2(W (x))q for all x ∈ Rn, where a1 > 0,
a2 > 0, 0 < p < 1, and q > 1. Then, the system is FIXt sta-
ble, and the convergence time satisfies T ≤ 1

a1(1−p)+
1

a2(q−1) .

Lemma 8 ([58]). For a linear system

ẋ = Ax+Bu, (50)

where x ∈ Rn, u ∈ Rm, A and B are the constant matrices.
Given that (A,B) is controllable and rank(B) = m, one

can find a nonsingular transformation matrix T ∈ Rn×n such
that ξ = Tx =

[︁
ξ⊤1 , . . . , ξ⊤m

]︁⊤
, where each block ξi corre-

sponds to the controllability index ρi, i = 1, . . . ,m. Then, the
subsystem dynamics corresponding to ξi, i = 1, . . . ,m, are
given by ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ξ̇i,1 = ξi,2,

ξ̇i,2 = ξi,3,
...
ξ̇i,ρi

= t⊤i A
ρiξ + t⊤i A

ρi−1Bu,

where t⊤i = i⊤riT , ik ∈ Rn is the k-th canonical basis vector,
and ri =

∑︁i−1
k=0(1 + ρk) with ρ0 = 0.

Moreover, define ξρ = [ξ1,ρ1 , . . . , ξm,ρm ]
⊤ ∈ Rm, one has

ξ̇ρ = Gξ +Mu, (51)

where G =

⎛⎜⎝ t⊤1 A
ρ1

...
t⊤mAρm

⎞⎟⎠ and M =

⎛⎜⎝ t⊤1 A
ρ1−1B
...

t⊤mAρm−1B

⎞⎟⎠ with M

being invertible.

Lemma 9 ([59]). Consider a system that is modeled as an
n-th order integrator, ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋ1 = x2

ẋ2 = x3

...
ẋn = u

(52)

where x = [x1, . . . , xn]
⊤ and u denote the state and control

input, respectively.
The FIXt controller is established as

u = −
∑︂n

j=1

(︁
ιjsign

αj (xj) + ῑjsign
βj (xj)

)︁
, (53)

where αj and βj , j = 2, . . . , n, can be defined recursively
as αj−1 =

αjαj+1

2αj+1−αj
, βj−1 =

βjβj+1

2βj+1−βj
, with terminal values

αn+1 = βn+1 = 1, αn = α ∈ (1 − ϵ, 1), and βn = β ∈
(1, 1+ ϵ̄) for sufficiently small ϵ, ϵ̄ > 0. The parameters ιj > 0
and ῑj > 0, j = 1, . . . , n, are selected such that

H1=

⎛⎜⎜⎝
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

−ι1 −ι2 · · · −ιn

⎞⎟⎟⎠, H2=

⎛⎜⎜⎝
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

−ῑ1 −ῑ2 · · · −ῑn

⎞⎟⎟⎠ .

are Hurwitz matrices.
The convergence time T is bounded by

T ≤αλmax(P1)λ
1−α
α

max (P1)

(1− α)λmin(Q1)
+

βλmax(P2)λ
β−1
β

max (P2)

(β − 1)λmin(Q2)
, (54)

where Pi = P⊤
i > 0 and Qi = Q⊤

i > 0, i = 1, 2, satisfy
PiHi +H⊤

i Pi = −Qi.
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