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Fixed-Time Formation Tracking for
Heterogeneous Linear Multiagent
Systems With a Nonautonomous Leader

Shiyu Zhou
and Gang Feng

Abstract—This article studies the fixed-time time-varying
formation (TVF) tracking control problem for heteroge-
neous multiagent systems with a nonautonomous leader
under a directed communication network. The primary ob-
jective is to design a TVF tracking protocol enabling the
followers to form the desired TVF while simultaneously
tracking the output of the nonautonomous leader in a fixed
time. First, a distributed fixed-time observer is proposed to
estimate the state of the nonautonomous leader under a
directed communication network. Then, utilizing coordinate
transformation and sliding mode techniques, a fixed-time
observer-based TVF tracking protocol is developed without
requiring the full row rank assumption on the input matrix
of the follower. It is proved via the Lyapunov stability the-
ory that the fixed-time TVF tracking problem with a nonau-
tonomous leader can be solved under the proposed pro-
tocol. Finally, the effectiveness of the proposed fixed-time
TVF tracking control protocol is demonstrated by numerical
examples.

Index Terms—Cooperative output regulation, directed
graph, fixed-time control, heterogeneous linear multiagent
systems (MASs), time-varying formation (TVF) tracking.

[. INTRODUCTION

ORMATION control of multiagent systems (MASs) has
F attracted considerable attention in recent decades, owing to
its widespread applications across a range of fields, for instance,
networked robot systems [1], [2], [3], [4]; multiple spacecraft
systems [5], [6], [7]; and satellite systems [8], [9], [10]. Different
formation control approaches, encompassing behavior-based,
leader-follower-based, virtual structure-based, and consensus-
based methods, have been developed, with the last one being a
more general approach that encompasses the former three [11].
In fact, consensus-based formation control strategies have be-
come more and more popular due to their advantages of less
computational and communication costs, stronger robustness
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against faults and attacks, and also better scalability, especially
for large-scale MASs [12], [13], [14], [15], [16].

In many practical applications, apart from realizing the spe-
cific formation, it is also often desirable for the MAS to track
certain given trajectories. This is the so-called formation track-
ing problem, and it has garnered significant interest in the past
few years, see, for instance, [17], [18], and [19]. In [18], a
distributed formation strategy for the arbitrary number of leaders
was developed. The consensus-based time-varying formation
(TVF) tracking problem for multiple leaders was investigated
in [19]. It should be pointed out that agent dynamics in the afore-
mentioned studies are assumed to be homogeneous. In many
tasks, such as forest fire monitoring that involves the use of both
autonomous aerial vehicles (AAVs) and autonomous ground
vehicles (AGVs), it is critical to take into account different agent
dynamics, which are commonly referred to as heterogeneous
multiagent systems (HMASs). Indeed several recent studies
have investigated the problem of formation tracking for HMASs
using the celebrated cooperative output regulation theory [20],
[21], [22], [23], [24]. Yaghmaie et al. [20] investigated the mul-
tiparty output consensus problem of HMASs and demonstrated
the effectiveness of their proposed method by applying it to
TVF tracking. The TVF tracking control protocols have been
proposed for HMASs in [21] with an autonomous leader and
in [22], [23], and [24] with nonautonomous leaders, respectively.

It is worth noting that the aforementioned studies [20], [21],
[22], [23], [24] primarily concentrate on the asymptotic con-
vergence of the concerned MASs. This means that the goal of
cooperative control of MASs can be achieved only when time
goes to infinity. However, in practice, it is often desirable to
achieve the goal of cooperative control for MASs in a finite
time [25], [26], [27], [28], [29] as finite-time convergence often
implies fast convergence and better robustness. Thus, finite-time
formation tracking problems have received extensive attention
in recent years, see, for example [30], [31], [32], and [33].
However, those finite-time formation tracking control methods,
such as those finite-control of single systems [25], [26], [27],
[28], [29], suffer a drawback, that is, the upper bounds of their
finite-time convergence are dependent on the initial states of the
concerned systems and could be very large if the initial states
are far away from their equilibrium. Inspired by Polyakov’s
[34] work on the fixed-time stability where the upper bound
of the convergence time is independent of initial conditions,
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some results on fixed-time cooperative control of MASs have
been reported [35], [36], [37], [38], [39], [40], [41]. Fixed-time
consensus algorithms for MASs with integrator-types dynamics
were developed in [35] and [36]. Fixed-time TVF tracking
control problems of HMASs were studied in [39] with an au-
tonomous exosystem and in [40] and [41] with a nonautonomous
exosystem, respectively. However, those approaches developed
in [40], [39], and [41] are based on two key assumptions: the
communication graphs among agents are undirected, and the
input matrices of follower agents must be of full row rank, both
of which could be too restrictive in practical application and thus
not desirable. It can be observed from the above literature review
that the problem of fixed-time TVF tracking for HMASs with a
nonautonomous leader has yet been addressed, which motivates
this study.

This article investigates the fixed-time TVF tracking problem
for HMASs with a nonautonomous leader under a directed
communication network. The coexistence of an asymmetric
Laplacian matrix and the command input of the nonautonomous
leader significantly complicates the protocol design and stability
analysis. To this end, we first propose a distributed observer to
estimate the nonautonomous exosystem under a directed graph.
Then, an observer-based control protocol is proposed that does
not require the generalized inverse matrix of the input matrix of
the follower. Compared with those existing relevant works, this
work has the following main contributions.

1) A novel distributed fixed-time control protocol consist-
ing of distributed fixed-time observers and fixed-time
controllers is developed. The distributed observers are
designed to estimate the state of the nonautonomous
leader under a directed communication network. Based
on the distributed observer, integral sliding mode-based
controllers are put forward so that the fixed-time TVF
tracking problem is solved. Unlike those works [21], [22],
and [23] with asymptotic convergence, and [30], [31],
[32], and [33] with finite-time convergence, this work
achieves fixed-time TVF tracking control with an explicit
finite upper bound on the settling time that is independent
of the initial states of the concerned HMAS.

2) Unlike the fixed-time control methods described in [39],
[40], and [41], where the input matrix of the follower is im-
plicitly assumed to be of full row rank, our fixed-time TVF
tracking protocol is developed using coordinate transfor-
mation and sliding mode techniques, thereby eliminating
the need for this restrictive assumption.

3) In contrast to [35], [36], [37], [38], [39], [40], and [41]
where undirected and connected graphs are considered,
this work considers more general directed communication
graphs. Given that the Laplacian matrix of directed graphs
is asymmetric, the design of fixed-time protocols and
the stability analysis become more challenging compared
to their counterparts in undirected networks. Moreover,
directed communication networks are more common in
practical MASs, and thus, the proposed TVF tracking
protocol is expected to have wider applications in practice.

Notations: 13, and 0p; are the M x 1 vectors with all
elements being 1 and 0, respectively. The n-dimensional
identity matrix is denoted as I,,. ® represents the Kronecker

product. The diagonal matrix is denoted as diag{ai,...,a,}
with a;, ¢=1,...,n, as its diagonal entries. For a
A 1
vector @ = [q1,...,qn]" €R", [|Qll, = (XL, |ail?)? with
p > 0 and || Q|| denotes its Euclidean norm. Denote sigh(Q) =
[sign(q1)|q1]”, - - ., sign(gn)|gn|#]", where y > 0 and sign(-)
represents the sign function. Let || - || be the L-infinity norm.
min(-) and max(-) are used to determine the minimum and
maximum elements of an array, respectively.

Il. PRELIMINARIES AND PROBLEM FORMULATION
A. Algebraic Graph Theory

This article considers a HMAS consisting of M followers
and one leader. An agent is defined as a leader if it has no
neighbors, while it is designated as a follower if it is connected
to at least one other agent. The set of the followers is defined
as Oy 2 {1,...,M}. Let Gr = (O, E¢, Wy) represent the
digraph among followers, which consists of the set of nodes
Oy: the set of edges £ C Oy x Oy, and the weighted adja-
cency matrix Wy = [w;;|mxm Withw;; > 0 < (j,1) € £ and
w;; = 0, otherwise. The pinning gain from the leader to the ith
follower is represented by w;g, where w;o > 0 if information
transmission from the leader to the ith follower is feasible;
otherwise, w;o = 0. A spanning tree is a directed graph in which
at least one root node has a directed path to all other nodes.

B. Problem Statement

Consider a HMAS consisting of M followers and one leader.
The model of the ith (i € Oy) follower is given as:

(1) = Aizi(t) + Biug(t)
yi(t) = Cizi(t) (D

where z; € R™, u; € R™i, y; € RP represent the state, control
input, and output of the ith follower, respectively, and A;, B;,
and C; are the system matrices satisfying rank(B;) = m;.

The dynamic of the leader indexed by 0 is described by

jﬁo(t) = ono(t) + Boug (t)
Yo(t) = Cowo(1) 2

where z¢p € R, uy € R™°, and yo € RP represent the state,
command input, and output of the leader, respectively, and Ay,
By, and Cj are the system matrices of the leader known to all
followers.

Remark 1: The command input ug (%) is utilized to generate
more general reference trajectories. For instance, if the leader, a
quadrotor, is modeled with linear dynamics, as discussed in [42],
a polynomial reference trajectory can be generated by solving a
quadratic program.

This article considers the problem of fixed-time TVF tracking
for the HMAS described by (1) and (2). For each follower
i, © € Oy, the piecewise continuous differentiable TVF vector
hyi(t) € RP is generated through the system given by

hai(t) = Aphgi(t)
hyi(t) = Chhgi(t) 3)
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where h,; € R!, and A}, and C), are matrices with compatible
dimensions.

Remark 2: Equation (3) can be used to generate various
formation shapes. Specifically, by setting A, = 0;5; and C}, =
I,x1, (3) can specify the nonrotating time-invariant formation
shape. In addition, when considering a HMAS moving in the 3-D
space, a rotating circular formation, as discussed in [21], [22],

[23], and [24], can be generated by setting A, = (722 (1)) and
Cp = (1 0)alongeachofthe X-, Y-, and Z-axes, respectively,
where w represents a positive constant.
This article aims to address the problem as formulated below.
Definition 1 (Fixed-time TVF tracking problem): Given the
HMAS consisting of (1) and (2), develop a distributed protocol
for each follower so that

lim (y;(t) — hyi(t)

S —yo(t)) =0 Vie Oy 4)
where T’y > 0 represents the convergence time that is indepen-
dent of the initial conditions.

Remark 3: According to Definition 1, the outputs of the
followers are required to achieve the TVF and also to track the
reference trajectory generated by the nonautonomous leader in
a fixed time. The TVF vector h,;, 7 € Oy, represents the desired
relative offset of the output y; from the reference output yq. It
should be noted that the dimension of control does not need to
be greater than or equal to that of output for solving the TVF
tracking problem (see, for example, [21], [22], [23], [24], and
[31D.

Ill. MAIN RESULTS

This section presents the main results of this article. To
proceed, the following assumptions are put forward.

Assumption 1: The communication topology among the
HMAS contains a spanning tree with the leader as its root node.

It follows from Assumption 1 that the corresponding Lapla-
cian matrix can be partitioned as follows:

Lr Lpr
E =
|:01><A1 01x1
where Lpr, = [—woilmx1, Lr = [lijlmxm with 1; = —w;;

fori # j,and l;; = Z% 1 Wim + wjo fori = j.

We summarize some important properties of Ly as follows.

Lemma 1 (See [13]): Under Assumption 1, all eigenvalues
of L have positive real parts.

Lemma 2 (See [43]): Under Assumption 1, there exists a
real diagonal matrix D, ensuring that DLp + ,CTD is positive
definite.

Let Amin > 0 be the smallest eigenvalue of DLp + L Dand
D = diag{dy,...,dy} = =, where d; >0,i=1,..., M.
Then, via Lemma 2, one has DEF + ETD > 21y

In addition, the following standard assumptions are alsomade.

Assumption 2: For any i € Oy, (A;, B;) are controllable.

Assumption 3: |jug(t)]|oc <+, where v is a positive
constant.

Assumption 4: The following regulator equations:
XiAo = AiXi + B;U;
0=CiX, —Cy )

have solution pairs (X;,U;) foralli € Oy.
Assumption 5: The following regulator equations:

XniAn = AiXni + BiUp;
0=CiXp; —Ch (6)

have solution pairs (Xp;, Up,) forall i € Oy.
Assumption 6: The linear matrix equation

B;R; — X;By =0 @)

has solution R; for all i € Oy.

Remark 4: Assumptions 4—6 are necessary for achieving the
TVF tracking as in [21], [22], [23], [24], [31], [39], [40], and
[41]. As detailed in [44], the regulator equations (5) can be solved

As EML Eéi} =n; + pholds forall > € o(Ag), where

o(Ap) represents the spectrum of Ag. Assumption 6 is necessary
for dealing with the command input of the nonautonomous
leader as in [22], [23], [24], and [31]. Moreover, (5) and (7)
are satisfied simultaneously for many practical systems. For
example, consider a HMAS consisting of several UGVs as fol-
lowers and a quadrotor as the nonautonomous leader. Utilizing
feedback and small perturbation linearization techniques, the
followers and the leader can be modeled as first-order integrator
systems [18] and second-order linear dynamics [45], respec-
tively. Given that the HMAS moves in the XY plane, it can be
verified that with X; = I, ® (1 0), U, =1L® (0 1), and
R; = 0249, the regulator equations (5) and (7) can be satisfied
simultaneously.

We present distributed fixed-time observers and fixed-time
TVF tracking protocols for the HMAS with the nonautonomous
leader subsequently.

if rank [

A. Distributed Fixed-Time Observers for
Nonautonomous Leader

Given that not all followers have access to the state of the
leader, it is crucial to develop distributed observers to estimate
the state of the leader within a fixed time in this work.

The distributed observer is constructed for each follower as
follows:

7 = Aoni — c16; — cosig®(e;) — 03sigﬂ(5i)
— pBosign(BoTéi) (8a)
M
& = Zj:l wi; (i = m;) + wio (i — @o) (8b)
& = c16; + cosig®(;) + essigh () (8¢)

where 7); represents the state of the distributed observer used to
estimate x, €; denotes the neighboring relative estimation error,
and the parameters ¢, ¢s, ¢3, o, 3, and p are positive constants
that will be decided later.
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The following theorem shows the effectiveness of the pro-
posed distributed fixed-time observers.

Theorem 1: Consider the distributed observers (8a)—(8c).
Let ¢1, 2, c3, av, B, and p be chosen such that ¢; > ||D @ Ao||,
c3>0,c3>0,0<a<1,8> é > 1,and p > ~. There exists
a settling time 7;, > 0 regardless of any initial states, such that

i (75(8) = o (1)) = 0

ni(t) —xo(t) =0,t > T, Vie Oy. 9)
Proof: Lettingn = [n{,....,n4] ,e=1le],...,e5]",and
g=1¢],...,65]", one can obtain from (8) that
n= (I ®Ao)n— (I ®In,)e—p(In ® Bo) f (10)
where f = [f],..., f3]" with f; = sign(Bj &(t)).
Let 77; = n; — xo. From (2) and (8), one has
i = Aofl; — c16; — Co5ig®(g;) — e3sigh (g;)
— pBo fi — Bouo. (11)
Let 7= [} ,...,75] . Then, system (11) can be rewritten in

the following compact form:
= (Inr ® Ao) 71 — p (I ® Bo) f —

(In ® By) tig
(12)

where g = 1y ® ug(t).
Noting that e = (L ® I,,,)7, it then follows from (12) that:

e= (In®Ay)e— (Lr@1y)E—p(Lr® Bo) f
— (LF ® Bo) g (13)
where g =1y ®uo(t) and f=[f],...,fs]" with fi=

sign(By &i(t)).
Take into account the following Lyapunov function candidate:

M ng ng
n-y (2 lli13)

C
+ 21 e (D& I, )e.

The time derivative of (14) along with the trajectories of (13)
satisfies

-y

+c1e (D@ 1I,,)é

el +

(14)

. (cod;sig®(g;) + c:),disigﬁ(&‘))T €;

1
=& (D® Ag)e — 55 (LpD+DLp) @ 1,,) €

—pe' (DLr © By) f — &' (DLp @ By) Go(t). (15)

Noting that DLg + LD > 21y, via Young’s inequality, one
has

1
EN(D® Ap)e — 55 (LpD+DLp) ® Iy, €

(1D @ Aol*llell” — l1g1%). (16)

l\D\H

Since f; = sign(B]&;(t)), one has &/ Bof; = ||Bj |1 and
] Bof; <||BJ &ill1. Then, one can derive that

—pe' (DLr @ Bo) f

= —pst By Zw”

f] +w10fz

M
< —p Y da| By,

(17)
i=1
From Assumption 3, one has
M
—&' ('DEF ® Bo)ug = — Zi:l diwioffZBouo
M .
<y dwnl|Bial,.  (18)
Note that p > v. From (16) to (18), one can obtain that
. 1 ~
Vi < §(IID®A0||2H€H2* I1£11%).- 19)

Note that [|£]|2 = M| 1612, where & = c1e; + casig®(es) +
cssigﬁ(si). Since ¢; > 0,1 = 1,2, 3, the terms ¢1&;, casig® (;),
and c3sig? (£;) have componentwise sign consistency across all
their respective elements. Then, from (8b), one has

M
2 i
M 2
=3 (Slleil® + Blleill3a + Blel3)
+2crcallei 155 + 2ercalledll 11 + 2eacs el 555
M M
=DINCIEDY
>3 AP+

M
24

2
C3||€z'||2g

llglf* = I

eres + cosig®(e;) + cssigh (g;)

cslle:l3a

(20)

Noting that 0 < o < 1 and 5 > 1, by Lemma 3 given in Ap-
pendix, one has

M «
> (Ilell?)

M 28 1 B
> lleills > R (Ilell)

From (20) to (22), one has

Y

21

le:l36

(22)

€l > ctllell® + ¢ (lell®)” + (23)

W (Eok
Substituting (23) into (19), one has

y Lo 3 2\«
i< - 5(01 - 35 (llell®)

1D ® Ao|*)ell* —

< — ke (11l + (Ie1%)” + (lel?)”) 4

C2 C2
where ke = mln{%(c? — ||D (024 140”2)7 727 W} > 0.
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Since 0 < aw < 1 and 8 > 1, via Lemma 3, one has

M CQdi 1+a oy Lo
> Tl < alel®) (25)
M cadi s 2148
> Ty glelits < eslel) (26)
where Cy = (Ciinmx)(nOM) Cc3 = Cslti%’ and dmax =
max{di, ... dM}

Note that 0 < =%
Lemma 3 that:

= < 1. It then follows from (25), (26), and

127“& 2 +8)
VI <k (el 5 + (lel)® + () 55 @)
where k,, = max{(cl‘ima")Ha cj*",(:g*“ .
Since a < 2% < land a < O‘(HB) < 3, one has
(IIEII )T < lell? + (Jlel|?) (28)
a(148) o
(lell) == < (lel®)™ + (llel®)?. (29)
It follows from (28) and (29) that:
2a
Vi < ko (lel® +3(lel®* + (lel>)?) . (30)
Similarly, since % > 1, via Lemma 3, one can obtain from

(25) and (26) that

VI < (1)) + (el 55 4 (1)) @D

where kg = max{(i

Noting that 1 < 1+ﬁ < fand a < ﬂ(llfﬁo‘) < /3, one has
(leli®) ™5 < llell® + (lell?)® (32)
B(1+a) o
(el =5 < (llell®)™ + (llell*). (33)
From (32) and (33), one can derive that
28
Vit < kg (lel? + 3(l1l?)” + (lel®*) . 34
Combining (30) and (34), one has
1+ iﬁ
4k L 4k5V
< (Ilell* + Ulel®? + (lel®*) - (35)
Substituting (35) into (24) one has
. ke . 28
< ol 2 (36)

- 4]{1 4k‘5

By Lemma 4 in the Appendix, one can get that system (13) is
fixed-time stable. The corresponding fixed settling time 7;, <

4k « 4kg(1 -
Fallta) | 2taC D) (Lr @ Lo )ii(t)

and L is nonsingular, we have lim; 7, (1;(t) — o(t)) = Oand
n;(t) — 2o(t) = 0 for t > T;,. Thus, the proof is completed.

. Moreover, since £(t) =

B. Fixed-Time TVF Tracking Protocols

With the distributed fixed-time observer described in
(8a)—(8c), we proceed to introduce fixed-time TVF tracking
protocols in this part.

For each follower, the following observer-based fixed-time
TVF tracking protocol is proposed:

ui(t) = Uﬂ)i(t) + Uhihm‘(t) + Ui(t)7 1€ Of

where U; and Uy,; are the solutions to (5) and (6), respectively,
and v;(t) will be determined later for achieving fixed-time
tracking.

Since only the followers in direct communication with the
leader can access to z((t), the fixed-time tracking control com-
ponent v;(t) for other followers should also be designed based
on the estimated state from the distributed observer (8). Define
é; = x; — X;m; — Xpihg;. Under Assumptions 4-6, one can
obtain from (1), (8), and (37) that

(37

é = Aié; + Bv; — X&; (38)
where &; = —c1&; —cosig®(g;) —c3sig® (e;) — pBosign( By &),
and ¢; and ¢; are defined in (8b) and (8c), respectively.

Since (A;, B;) is controllable and rank(B;) = m;, via
Lemma 5 given in the Appendix, there exists a linear coordinate
transformation &; = T;é; = [«5}1’1, . ,éﬂ’pl, e fimi’l, ol

éimi, ani]T, where p;, j = 1, ..., m;, denotes the controllability

index of &;;. Letting & = [€i1,p,5 -+ Eimyop, |
sliding surface s; is constructed as follows:

T, the integral

__¢p
si =& — Wiint (39)
where
Wi int = W;
- T
wi - [Wi]_, A awija' . ;Wiml}
Pj
wij ==Y (kijﬁhSigp””‘ (§ij.n) + Kijnsig?o " (&j,h))
h=1
kij,ha kij,hs Dij,h»> Gij,hs j=1,...,m;, h=1,... , Pj» are the

positive gains that can be designed as in Lemma 6 in the
Appendix.
Then, v;(t) is designed as follows:

V; = M;l(Qv — Glél) (40)

where
Qi = Ww; — ’%Slgl’l(sl) — k/i (Slg'u(Sv) —+ mg%(sl))

G; and M; are given as in Lemma 5, the real numbers 7;, p,
and k, are chosen such that 5; > || M;R; ||, pp > 1, and k,, >

1m1n{m , 1} >0.

Remark 5 Under Assumption 2 and rank(B;) = m;, via
Lemma 5, there exists a nonsingular matrix M; for each follower
to obtain the fixed-time tracking control component v;(t).

We are ready to present the main result of this section.

Theorem 2: Consider the HMAS consisting of (1) and (2)
under Assumptions 1-6. The fixed-time TVF tracking problem
described by (4) is solved under the protocol defined in (37) and
(40).

Proof: The proof of Theorem 2 includes three steps. First, we
show that the TVF tracking errors are bounded in [0, 7},), i.e
no finite-time escape occurs. Second, we prove that the sliding
mode will be reached in a fixed time. Lastly, we show that when
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si(t) = 0, the TVF tracking errors converge to zero in a fixed
time.
Step 1: Let A, =T, X;& = [Azl Tyevns

Ail,pl gy Aim“l?

o Dy 1T and AP =[Aj1 o Ay, 1T Via
Lemma 5, from (38) and (40) one has
€0 = Giéy + Myv, — A
— w; — Fisign(s;) — ky(sigh(s;) + sigh (s;)) — AL, (41)
From (41), the time derivative of s; can be derived as
§i = — isign(s;) — ky (sigh(s;) + sigh (s:) — A7, (42)

Consider the Lyapunov function candidate V2 = %sjsl Taking
the time derivative of V5 along with the trajectories of system
(42) yields

1
’ 5 +1 S+l
Vo = =Fillsills — s:A7 = <||Sz'||,’ﬁ+1 + ||Sz'||g+1> - (43)

Via Young’s inequality, one can get

1
—siA7 < lsill* + Z A7 (44)
Noting that ¢z > 1 and % < 1;—: < 1, via Lemma 3, one can
obtain that

u+1

lsillpis > m (i) 45)
lsall 57 > (lsil) % (46)

Since 1;7“ <1l< HTH’ one has
Isall® < ((lsal®) 5 + (s 47

It follows from (45) to (47) that:
—k (IISiIIiiii +lls II“ ) < =kallsil? @)

where k, = mm{m

1}k,

Note that —%; ||s;||; < 0. It follows from (44) and (48) that:
. l
Vo < —eVat [ A7)? (49)
where € = 2(k,, — 1) > 0.

Recalling Theorem 1, which shows that the distributed fixed-
time observer error system (13) is fixed-time stable, one has that
&, A;, and Af are all bounded in [0, T,). Therefore, there is a
constant C such that

Vo < —eVo +C (50)

holds for ¢ € [0,T,).

From (50), one can obtain that V5 is bounded in
[0,T;,), which, in turn, implies that s; is bounded in
[0,7),). Noting that sl = 5” Wiint = [Si1, -+, 8im,] Wwith
51] gl] Pj + Zk- 1 U k fo sighi- (glj k( ))dT + Zk:l ij,k
fo sig?: k(gw( 7))dr and the boundedness of A;, one can
derive that {-CZ is bounded in [0, T,,). Since EZ =T;é; and T} is
invertible, we can conclude that é; is also bounded in [0, Tn),
i.e., no finite-time escape occurs.

Step 2: Via Theorem 1, one has that 7;(¢) = x(t) holds for
t > T),, which implies that é; = e; = x; — X;20 — Xpihg. It
follows from (1), (2), and (37) that:

é; = Aje; + Bi(vi — Riug). (5D
Via Lemma 5, one can obtain from (40) and (51) that
flp = Giei + Mz(vz — RiUO)
. . 1
= w; — y;sign(si) — k. (sigh(si) + sigh (s:))

Taking the time derivative of s; yields

. _ . . S

$; = — ;sign(s;) — K, (sigh(s;) + sigv (s;))

Consider the Lyapunov function candidate V3 = Ts, Its time
derivative along with the trajectories of system (53) can be
obtained as

Va = —Fillsill1 — s; MiRug

1 %+1
— ku(llsalliiy + s %+1)

(54)
Noting that y; > || M; R; ||, from Assumption 3, one has
— illsilly — s{ M; Riuqg
< =% = YIMiR;l| o) || 5411 < 0. (55
Noting that ;x > 1 and % < 1;'—“ < 1, via Lemma 3, one has

pt1

IISiIIuH > m 7 (sill?) = (56)
> (|lsil|?) = (57)
Substituting (55)—(57) into (54), one has
. _ ptl st
Vs < —koVy ® — k3™ (58)
- 1w pt1 pt1
where kg; =m;? 2 5 andk =272,

Therefore, by Lemma 4, system (53) will reach the sliding
surface s; = 0 in a fixed time. Moreover, for all ¢ € Oy, there
is a constant T, regardless of initial states such that s;(t) =0
for t > T}, + T, where T}, is given in Theorem 1 and 7T, <
max{T,1, ..., Torr} with T,; = z;sfﬁil) o (j_l).

Step 3: When s;(t) = 0, one can obtain that $;(¢) = 0. Then,
from (53), we have that the equivalent control of —7;sign(s;) —
K, (sigh(s;) + sigi (s;)) is equal to M; R;ug. Substituting this
into (52), via Lemma 5, one can obtain that the dynamics of

&i(t), j=1,...,m,;, have the following form:
éij,l = &ij2
&ij2 = &ij,3
: (59)
. P o
Siipy = 2 (Kij ksigho* (&ij
k=1 _
ki asigho (Eijr) -
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Fig. 1. Communication network.

From Lemma 6, it can be concluded thatforall j € {1,...,m;},
system (59) is fixed-time stable, and the settling time can be
upper bounded by Ty < T}, + T + T, where T¢ can be deter-
mined based on Lemma 6. Since ; (t) = T;e;(t), T; is invertible,
and ey;(t) = Cie;(t) = y;(t) — hyi(t) — yo(t), we can derive
that limy .7, ey;(t) = 0 and ey;(t) =0 for t > Ty, ie., the
fixed-time TVF tracking problem described by (4) is solved.
The theorem is thus proved.

Remark 6: It is noted that the right-hand sides of (8) and (38)
are discontinuous at zeros, and the solutions of (8) and (38) are
defined in the sense of Filippov [46].

Remark 7: Utilizing the technique of coordinate transfor-
mation, the original system (38) can be decomposed into m;
single-input systems in canonical controller form, with coupling
occurring through the last line of each block. Then, a fixed-time
TVF tracking control protocol is developed using the sliding
mode technique. This approach eliminates the need to compute
the generalized inverse matrix of the input matrix of the fol-
lower, thus removing the requirement for the input matrix of the
followers to be of full row rank, as often required in [39], [40],
and [41].

Remark 8: In contrast to the recent work on heterogeneous
underactuated agents in [16], more general agent dynamics and
a nonautonomous leader are considered in this work. Moreover,
unlike the studies [16] and [21] with asymptotic convergence,
and [32] with finite-time convergence, our fixed-time protocol
addresses the challenges posed by complex relationships among
fractional powers, asymmetric Laplacian matrix of directed
topology, and nonlinear functions compensating for the com-
mand input. Consequently, the fixed-time TVF tracking problem
described by (4) is solved under our proposed protocol.

V. SIMULATION

Consider a group of HMAS consisting of four followers and
one leader. The communication network is illustrated in Fig. 1.

Example 1: The system matrices of the followers are bor-
rowed from [47], described as follows:

0 1 0 0 O
Aiz 0 dl C; s Bz: €; 0
0 b a; 0 fi
1 00 .
C, = (o . 0)’ i=1,2,3,4

where the parameters {a;,b;,c;,d;,e;, fi} are chosen as
{-4,0,1,1,1,1},{-2, -1,2,0,1,1},{-2,0, 2, 1,1, 1},
and {3, -1, 1,0, 1, 1}.

T T T
—— Leader 4
—&— Follower 1
~—E— Follower 2

Follower 3| |
—H&— Follower 4

Yia(t)

Yin (t)

Fig. 2. Output trajectories of the HMAS for Example 1.

The dynamics of the nonautonomous leader (2) are described

by
100
’C°_<0 1 0)'

The command input is given as wg(t) =[—0.2cos (t)
—0.2sin (¢)] 7, and [Jug(t) |l < v =0.2.
The TVF vector is set as follows:

0
Ag = | -1

10 0
0 0],By=11
0 00 0

_ o O

sin (t + 7(1-721)”

cos (t + @)

and hy; = hg;. Solving (5)—(7) yields

hyi =5 ,i=1,2,3,4

100 10 PR
X, = 0 1 0),X,;,=10 1 ’Ri:(%’ 1)
~1 0 0 b 0 7:
0 _di i —bic;i—1 _dy
U = <_ ai —eibio1 Oei> y Uni = ( _abs Oe> .
cifi cifi fi

The parameters in the distributed fixed-time observer (8) and
controller (40) are given as ¢; =7, co =5, c3 =6, a = 7/9,
8 =907/700, p=0.3, 7, =12, k, = 1.5, p = 2, and M; =
I, ¢ = 1,2, 3,4. The initial states of the HMAS are randomly
generated within the range of —5 to 5. The initial states of the
distributed observers are given as 0.

The simulation results are presented in Figs. 2-5. The out-
put trajectories of the closed-loop HMAS are given in Fig. 2.
Within this figure, the output of the nonautonomous leader is
indicated by a red pentagram, and the outputs of four followers
are represented by square markers. From Fig. 2, it can be
observed that the followers can form a quadrilateral formation
and track the trajectory provided by the leader. The distributed
observer error and the fixed-time TVF tracking errors are given
in Figs. 3 and 4, respectively. From Fig. 4, it is not that the
fixed-time TVF tracking errors can converge to the residual
set {eyi(t)]|ley:(t)]| <0.05,7=1,2,3,4} in 5 s. The norms
of the control inputs of the HMAS are shown in Fig. 5. As a
comparison, Fig. 6 illustrates the TVF tracking errors obtained
through the utilization of the asymptotic controller proposed
in [22]. It is worth noting that the initial conditions for both
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0 1 2 3 4 5 6 7 8 9 10
Time(sec)
Fig. 3. Estimation error of the distributed state observer for Example 1.
10 T T
Follower 1
8 Follower 2|
o Follower 3
E 6 Follower 4|
2+ 4
0 ‘ ‘ ‘ | ‘ ‘
0 1 2 3 4 5 6 7 8 9 10
Time(sec)
Fig. 4. TVF tracking errors with the fixed-time controller for Example 1.
40 T T T T T T T T
Follower 1
Follower 2
o Follower 3| |
f Follower 4
Time(sec)
Fig. 5. Control inputs of the followers for Example 1.
10
Follower 1
Follower 2|
o Follower 3
E Follower 4 |-
Q)i 1
10 15
Time(sec)
Fig. 6. TVF tracking errors with the asymptotic controller.
. : : : : : :
§ 0 —&— Fixed-time control protocol ]
g —4— Finite-time control protocol
5 60 4
g 40
3
Z 20 4
8
o L
0
100
lley ()l
Fig. 7. Convergence time for different initial values in a wide range.

the HMAS and the distributed fixed-time observers are set to
be identical in this comparison. It is evident from Figs. 4 to 6
that the fixed-time controller achieves a faster error convergence
than the asymptotic controller.

In addition, we conduct a comparison between the fixed-time
control protocol and the finite-time control protocol proposed
in [26]. Fig. 7 shows the respective convergence times to the
same residual set {e,; (t)|||e,i(t)]| < 0.05, i =1,2,3,4} across

Follower 1| |
Follower 2

Follower 3 ||
Follower 4| |

llei ()]

Time(sec)

Fig. 8. TVF tracking errors with the fixed-time controller under the
initial value ||e, (0)|| = 100.

Follower 1|
Follower 2| |
Follower 3

Follower 4 |-

20 30 40 50 60 70 80
Time(sec)

lley: (Dl

Fig. 9. TVF tracking errors with the finite-time controller under the
initial value ||e, (0)|| = 100.

—— Leader

—&— Follower 1
~—E— Follower 2
B Follower 3
—&— Follower 4

v (t) 5 n(t)
Fig. 10.  Output trajectories of the HMAS for Example 2.
5
s i
=s 1
Sy -
1+ 4
0 1 2 3 4 5 6 7 8 9 10
Time(sec)
Fig. 11.  Estimation error of the distributed state observer for Exam-
ple 2.

various initial states. As observed in Fig. 7, the convergence time
based on the fixed-time control protocol remains small and well
within the upper bound across a range of initial conditions, in
contrast to that for the finite-time control protocol where it ex-
hibits significant variations in response to different initial values.
Figs. 8 and 9 show the transient responses of the TVF tracking
errors obtained through the fixed-time and finite-time control
protocols for one particular initial condition, respectively. Figs. 8
and 9 show that the fixed-time controller achieves a much faster
error convergence than the finite-time controller.
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10 T T ml

T
Follower 1

8 Follower 2|
Follower 3

6 Follower 4 |-

lleyi (Bl

Time(sec)

Fig. 12.  TVF tracking errors for Example 2.

Example 2: Consider a group of HMAS consisting of dif-
ferent agents with heterogeneous dynamics in dimensions and
parameters. The system matrices of the followers borrowed
from [24] are given as

A1 =03.3,B1 =15,C1 =13

0 1 0
Ay = I3®<_2 _2> ,Ba=1I3® (_2> ,Co=13® (1 O)
0 1 0
Ay=1  By=1 Ci=Ts@ (1 0
3 3®<_3 _3) 3 3®<_2> 3 3®( )

010 00
Ai=Tso (001 |, Bi=Ts@ [ 10 ,04:13®(100>.
121 01

The system matrices of the leader are given as

0 1 0
A0—13®<O O>7Bo—13®<1>,00—13®(10).

The command input is  given as  wug(t) =
[0.2sin (¢)0.2 cos () 0.2sin ()] " and |Jug(t) | < v = 0.2.
hai(t)
The TVE vector hg;(t) = | h2,(t) | is specified by
h3i(t)
Bl p3 rsin (t 4 (i — 1)7/2)
o o reos(t+ (i —1)w/2)
B, = rco§ (t+ (z‘— 1)mw/2) i—1.2.34
—rsin(t+ (1 — 1)w/2)
and  hy,(t) = [rsin(t + (¢ — 1)7/2) rcos(t + (i — 1)m/2)

rsin(t + (i — 1)7/2)]" withr = 5.
For the desired formation h,;(t) generated by (3),
choose Xj1 = I3 ® (1 0), Up1 = I3 ® (O 1), Xpo = I3 ®

D). Uhmtot . xo 1o (1 . v
1 0 -1 0
bes K=t (b ).t =100 (1 9)
such that (6) holds. Solving (5) and (7) yields X; = I3 @ (1 0),
Uy =13 (0 1),X2:X3=Is®((1) ?),U2:U3:I;;®

°>, vi=lo (Y %) Ri=

03.3, Ro = —I3®@ 5, Ry = —Ig @ §,and Ry = I3 ® (é)

1
(-1 -1), Xy=L® (o 1
0 0

The parameters in the distributed fixed-time observer (8) and
controller (40) are given as ¢; =7, ca =5, ¢c3 =6, « = 7/9,
B =907/700, p=0.3, 7; = 1.2, k, = 1.5, p =2, My =13,
MQ = 167 M3 = 16, and M4 = Ig. The initial states of the HMAS
are randomly generated within the range of —5 to 5. The initial
states of the distributed observers are given as Og.

The simulation results are presented in Figs. 10-12. Fig. 10
shows that the outputs of the four followers achieve a 3-D
quadrilateral and also track the output of the nonautonomous
leader in a fixed time. Figs. 11 and 12 show the responses of the
distributed observer error and TVF tracking errors, respectively.
It can be observed that the fixed-time TVF tracking is achieved
for the HMAS via the proposed control method.

V. CONCLUSION

This article has investigated the fixed-time TVF tracking
control problem for HMASs with a nonautonomous leader. First,
the fixed-time distributed observer is introduced to estimate the
state of the nonautonomous leader within a fixed time. Then,
unlike most existing methods, the fixed-time observer-based
TVF tracking control protocol is put forward without a restrictive
assumption, the full column rank of the input matrix. In addition,
the convergence of the distributed observer errors and the TVF
tracking errors have been analyzed. Simulations with compar-
isons have been conducted to demonstrate the effectiveness of
the proposed controller. It is interesting to extend the proposed
fixed-time TVF tracking approach to alleviate the problem of
conservatism of upper bound on settling time in future work.
Moreover, designing a distributed fixed-time control protocol
that does not require the system matrices of the leader to be
available to all followers is also meaningful.

APPENDIX

Lemma 3 (See [48]): For any 1; € R, 7 =1,2,...,n, and
any p € (0,1], (X0, [ul)? < S0y [l < nl (X0, Jul)”.
Foranyp > L 5 |ul? < (S, Jul)? < mP =t S [uilr.

Lemma 4 (See [34]): Consider the system with dynamics
described by & = g(x,t), where g : R™ x [0,00) = R™ is a
continuous vector function that satisfies g(0,¢) = 0. Suppose
there is a continuous, positive definite function W (x) : R™ — R
such that W (z) < —co(W (z))¢ — do(W (x))? for all 2 € R,
where ¢g > 0,dg > 0,0 < ¢ < 1,and d > 1. Then, the system
is fixed-time stable, with an upper bound of the settling time
given by ¢ < ﬁ + #.

(d-1)
Lemma 5 (See [49]): For a linear system

z(t) = Ax(t) + Bu(t) (60)
where z € R™, u € R™, and A and B are the system matrices.

If (A, B) is controllable and the rank of B is m, there ex-
ist a linear coordinate transformation £(t) = Tz (t) € R™ such
that £(t) = [£] (2),..., &), (H)]". Let p;, i =1,...,m, be the
controllability index of £(¢). Then, £(¢) can be described by

g(t) = fl,l(t)v e 7§1,p1 (t)| e |£m,1(t)a e vé-m,pm (t):| ! and
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the dynamics of &;(t), ¢ = 1,...,m, has the following form:

éi,l(t) = &i2(t)
§i2(t) = & 3(t)

fp (t) =t] APig(t) + t] AP Bu(t)

where ¢/ =i T, iy € R™ is a vector with the k-th element
being set to 1 and all the other elements being set to 0, and

ri = Y p_o(1+ pi) with po = 0.
Moreover, define &°(t) = [&1,5, (1), ..., &mp,. (1)) €R™,
one has
£°(t) = GE(t) + Mu(t) (61)
t] APy ti An1B
where G = : and M = : with M be-
b AP t AP 1B

ing invertible.
Lemma 6 (See [50]): Consider a system that is modeled as
an nth order integrator

L1 (t) = w2 (1)

Lo(t) = x3(t)
(62)

i (t) = u(t)
where x(t) = [21(t),...,2,(t)]" and u(t) represent the state

and control input, respectively.
The fixed-time stabilization control input is proposed as
u(t) = — Z (risig® (zi(t)) + Rsigh (x; () (63)
i=1

where k; and K;,7 = 1, ..., n, are the positive constants satisfy-

ing the polynomials s™ + k,s" ! + -+ 4+ kg8 + K1, and 5™ +

Fns™ ' + -+ Ras + Ry are Hurwitz. The values o, ..., o,
and 31, ..., 3, can be chosen such that
Q41
Q) =
20601 —
By = Bifit1
’ 2Bi41 — Bi
where i=1,2,...,n, apt1=Lny1=1, a,=a€(l-

€,1),and 3, = B € (1,1 + €) for sufficiently small €, € > 0.
Moreover, the settling time is bounded by

p)"max(Pl) PTP
(1 - p))hmin(Ql) " (Pl)
q)"max(P2) %1
* (q - 1))”min(Q2) e (PQ)

where P;, i = 1, 2, are real symmetric positive definite matrices
that satisfy the Lyapunov equation P, A; + A] P, = —Q;, with
(Q; being an arbitrary positive definite matrix. The matrices A;,

T, <

(64)

1 = 1, 2, have the following forms:

A = :
0 0 1
—R1 —R2 —Rn
0 1 0
Ay = :
0 0 1
—R1 —Ko —Rn
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